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Introduction 
For any communication to take place, three things are essential, namely: 

• Transmitter (talker); 

• Receiver (listener); 

• Channel or transmission medium. 

These are present in any communication systems, be it analogue or digital. 
Whenever two people are talking with each other, it becomes a 
communication system. Electronic communication is the currency of our 
time, which relies on communicating information at certain rate between 
geographically separated locations reliably. Figure 1 shows the process 
taking to transmit and receive a message electronically. 
 

 
 
Messages are communicated via a channel, which can be electrical 
conductors, air, or light (in the case of optical fibre). To transmit a signal 
over the air, or via any of these channels, there are three main steps: 

1. A pure carrier is generated at the transmitter. 
2. The carrier is modulated with the information to be transmitted.  
3. The signal modifications or changes are detected and demodulated at 

the receiver. 
The radio spectrum spans across many frequency ranges of the 
electromagnetic spectrum, as shown in Fig 2, with appended select 
applications. Whichever portion of the electromagnetic spectrum we 
communicate with, the three steps outlined above still hold. However, 
when communicating over a long distance, the voice may be lost in the 
process (due to interference), which, therefore, requires the information-
carrying signal to be boosted. The transmission process would involve using 
another signal to change the profile of the voice signal, as well as increasing 
the strength of the combined voice and mixing signals ensuring that the 
intended message is received at the intended destination with little or no 
distortion. The process that facilitates the transfer of information or 
message over any of these mediums is called modulation. 

 

	  
Transmitter 

	  Communication 
Channel	   

	  
Receiver	   Message 

Receiver	   
Message	   
Sender	   

Figure	  1:	  Communication	  Process	  	   
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Figure 2: Radio spectrum (Source http://www.skyscan.ca/) 

 

The modulation process is essential in communication systems because 

1. communication systems require a reduced bandwidth,  

2. a channel is a bandpass while the signal is a baseband; hence, the 
signal must be shifted in frequency,  

3. several baseband signals that occupy the same frequency band can be 
transmitted through a single broadband channel, if they are 
separated in frequency, by modulating each signal on a separate 
carrier frequency, and  

4. the complexity and cost of a bandpass system may be less than a 
brute force baseband system. 

The next section briefly reviews the modulation process, limiting discussion 
to the analytic as opposed to the systems aspects of the process. 

 

Modulation	  
In communication engineering terms, modulation is a process of altering the 
amplitude or frequency of an electromagnetic wave, or other oscillation, in 
accordance with the variations of a second signal, typically one of a lower 
frequency. Allegorically, lets see how this principle is used in our daily food 
intake. Suppose we want to make amala. A major ingredient is plantain or 
yam flour, which carries the major constituent to making amala. We can’t 
eat this flour without being processed, i.e., mixing it with hot water. The 
hot water, in this case, is the modulating agent and the flour is the carrier. 
The mixed constituent that forms a smooth constituent amala is called the 
‘modulated’ constituent. This whole process is called modulation. Given 
that it takes time to process the constituents, the modulation process can 
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be termed as time-dependent, t. If we represent the carrier signal by x1(t)  
and the modulating signal by x2 (t) , and both signals are passed through a 
mixer (also called a multiplier) as in Fig 3, the modulated signal can be 
represented by 

y(t) = x11 t( )! x2 t( )         (1) 

By just multiplying the message (baseband) signal with the carrier signal, 
as in Fig 3, is also called product modulator.  
In essence, the term "modulation" implies the variation or adjustment of a 
property of one signal, generally referred to as the "carrier", by a second 
waveform known as the "modulating signal". The modulated carrier 
contains, in principle, complete information about the modulating signal, 
and may therefore be used as a substitute for it. 
 

 
 

A technical example is when radio waves are modulated to carry the analog 
information of the voice. Suppose the voice signal, which carries the 
information, is represented by x1(t) = A1 cos !1t( )  and modulating signal by 

x2 (t) = A2 cos !2t( ) , then the modulated signal is 

y(t) =!A1 cos !1t( )!A2 cos !2t( ) =!A1A2 cos !1t( )cos !2t( )    (2) 

where α is proportionality constant (also called the ‘gain’ of the multiplier); 
and A1 and A2 are, respectively, the amplitudes of the carrier and 
modulating signals.  

By geometry, 

cos A+B( ) = cosAcosB! sinAsinB       (3a) 

cos A!B( ) = cosAcosB+ sinAsinB       (3b) 

Add (3a) and (3b) and write 

cosAcosB = 1
2
cos A+B( )+ cos A!B( )"# $%      (3c) 

Subtract (3a) from (3b): 

sinAsinB = 1
2
cos A!B( )! cos A+B( )"# $%      (3d) 

In view of (3c) in (2), the modulated signal becomes 

	  

Figure	  3:	  Modulation	  process 

x1(t) 

x2(t) 

y	  (t) 

Mixer 
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y(t) = !A1A2
2

cos "1 +"2( ) t!" #$+
!A1A2
2

cos "1 %"2( ) t!" #$    (4) 

This expression demonstrates that the modulated signal y(t)  has two small 
‘sidebands’ or ‘skirts’ at ! =!1 ±!2  (as shown in Fig 4). Note that ! = 2" f , 
where f denotes frequency, measured in Hertz (Hz). 

 

 
 

Modulation can also be performed on digital signals. Digital signals involve 
transmitting (sending) binary digits (or bits), i.e., ‘1’ and ‘0’, in strings to 
convey the information (or message) being sent. The advantage of being 
digital is that it limits the imperfections due to variations in the process. In 
analog architectures, the multiple filtering blocks see their basic 
characteristics varying, and so the architecture performance varies as well. 
This leads to the use of a calibration loop. Digitization provides size 
optimization and good stability of the circuit.  

The device that changes the signal at the transmitting end of the 
communication channel is called the modulator. The device at the 
receiving end of the channel, which detects the digital information from 
the modulated signal, is called the demodulator. More is said about 
modulator and demodulator later. 
 

Modulation	  Schemes	  
Technically, there are two types of modulation: amplitude and angle 
modulation. The angle modulation is subdivided into ‘frequency’ and 
‘phase’ modulation. Note that frequency is the rate of change of angle. In 
some literature, these additional types make the schemes more of three 
than two. Lets look at the way these are devised. 

Suppose a basic analog signal as a sinusoidal wave, which can be written in 
mathematical form as follows: 
! t( ) = ! t( )Ac cos 2! fct +!(t)( )       (5) 

where 
fc = signal (carrier) frequency, with subscript ‘c’ denoting carrier; 
! t( )  = time-varying modulating signal (or baseband signal); 

	   	  

ω1-‐ω2 ω1+ω2 
ω 

y(ω) 

αA1A2/2 

Figure	  4:	  Modulated	  signal	  with	  two	  sidebands 

0 
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Note that in telecommunications and signal processing, baseband is an 
adjective that describes signals and systems whose range of frequencies is 
measured from zero to a maximum bandwidth or highest signal 
frequency; it is sometimes used as a noun for a band of frequencies 
starting at zero. In transmission systems, the baseband signal is the 
information signal, usually used to modulate an RF carrier. Bandpass 
signal is the multiplication of baseband signal with a sinusoid carrier 
signal translates the whole thing up to carrier frequency, extending in 
range fc ± fm. The bandpass signal bandwidth is double that of the 
baseband signal. Modern definitions consider both baseband and bandpass 
signals as representing bit-streams of digital transmission signal. 

! t( )= time-varying phase of the signal; 

! t( ) = resultant modulated signal (or bandpass waveform). 

 
Modulation can use any of these three measurable and changeable 
properties of the cosine (or sine) wave for encoding purposes. Note that 
sin ! + 90( ) = cos! . With the three modulation schemes, each of them 

changes one of the properties of the basic analog signal. For instance, 
• Amplitude modulation (AM): in this type of modulation, the amplitude 

of the carrier signal is varied in accordance with the information-
bearing signal. The envelope, or boundary, of the amplitude-
modulated signal embeds the information-bearing signal. The digital 
modulation equivalent of the AM technique is called ASK (amplitude 
shift keying).  

• Frequency modulation (FM): in this technique, the frequency of the 
carrier signal is changed according to the information bearing data or 
signal. FM is the most popular analog modulation technique used in 
mobile communications systems. The digital modulation equivalent of 
the MM technique is called FSK (frequency shift keying). 

• Phase modulation (PM): In this modulation method a sine wave is 
transmitted and the phase of the sine carries the digital data (a 
modern version of PM is the continuous phase modulation (CPM) 
which derives from basic frequency modulation. The only difference 
is that in the transition from one symbol to another the phase is 
continuously changed, there are no phase steps. Continuous phase 
means that the transmitted signal bandwidth is limited and faster 
data rates can be achieved for the same bandwidth. A signal’s 
bandwidth is the range of frequencies where “most” of the energy is 
located. Phase modulation is well known to be a very nonlinear 
operation, particularly when the phase modulation extent is not small. 
Likewise, the digital modulation equivalent of the PM technique is 
called PSK (phase shift keying). 

The “Shift Keying” the second two terms in the name of these modulations 
implies that they are digital modulations, i.e. the information is also digital. 
In essence, modulation is the process by which some characteristic 
(amplitude, frequency or phase) of a carrier sinusoid is varied in accordance 
with a message signal. We modulate high frequency carriers to achieve: 

• sharing of the limited electromagnetic spectrum; 
• efficient transmission and reception with small antennas. 
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These modulation techniques are discussed in details under appropriate 
headings in the subsequent sections. 
 

What	  is	  analogue?	  And	  what	  is	  digital?	  
Information can be defined in two forms: digital or analogue1. Analogue 
signal is considered continuous, e.g. human voice. Analogue signal 
amplitude can take on any number of values between the signal maximum 
and minimum. For instance, your or my voice has “dynamic-range” which 
is the range of volumes the vocal cords can produce. Digital implies 
relating to or using signals or information represented by discrete values 
(digits) of a physical quantity, such as voltage or voice, to represent a 
continuum or logical expressions and variables. For instance, voice 
dynamic range of, say 10 and 4, can be represented by discrete values 
1010 and 0100 respectively; each range is represented by four bits. The 
discrete values ‘1’ and ‘0’ are called binary numbers or bits. 
Digital devices convert analogue voice to a digital signal by process of 
sampling and quantisation. The analog signal is first sampled and then 
quantised in levels and then each level is converted to a binary number. 
More is said about quantisation and coding later in the monograph. 
 

Terminology	  
A signal s(t) is said to be 

(a) Deterministic if it has a function, which is known exactly for all 
times. For example, supply of voltage from a generator, and output 
of a square-wave generator. 

(b) Non-periodic if it is defined as 
s(t) = e! t   !"# t #"  

(c) Periodic, if it is defined as 
s(t) = acos 2! fot( )    

where fo is the fundamental frequency (in Hz) and ‘a’ is the 
amplitude of the wave. 
Periodic means that there is a number T, called the period of the 
function, such that 
s(t) = s(t +T )    for all time, t. 
Note that the function between t and t +T  may take any shape 
whatsoever, e.g., say T = 1 fo

, so waveform 

cos 2! fo t +T[ ]( ) = cos 2! fot( )  
 

Amplitude	  Modulation	  
Amplitude modulation (AM) is the oldest method of transmitting human 
voice electronically. For example, in analogue telephone conversation, 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1 In different books, the word ‘analogue’ is used instead of ‘analog’. American leaning 
books use ‘analog’ whereas UK leaning books use ‘analogue’. Both words are the same.  
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the voice waves on both sides of the line are modulating the voltage of 
the dc (direct current) loop connected to them by the telephone company. 
AM is also widely used to alter a carrier wave to transmit data, e.g. in AM 
radio; the voltage (amplitude) of the carrier with a fixed frequency (i.e. 
station’s channel) is varied (modulated) by the analogue signal. AM is also 
used to modulate light waves in optical fibres. 
 
The basic concept surrounding what is amplitude modulation (AM) is quite 
straightforward. The amplitude of the signal is changed in line with the 
instantaneous intensity of the baseband signal. In AM, the angle terms, 
i.e., ! t( )  and fc in equation (5), are made constant, whilst the amplitude 

of the baseband signal is made to change.  
! t( ) = ! t( ) xin t( )        (6) 

This expression is similar to (5), where if ! t( ) = 0; !(t) = Am cos 2! fmt( ) ; 

xin (t) = Ac cos 2! fct( )  and ! = Ac =1 . The subscript ‘m’ implies ‘modulating’. 

We can redraw Fig 3 as in Fig 5 to make it in line with communication 
systems. Consequently (6) can be expressed as, 

!(t) = Am
2
cos 2" fc + fm( ) t!" #$+

Am
2
cos 2" fc % fm( ) t!" #$   (7) 

which is a simple frequency translation to the vicinity of the carrier with the 
amplitude Am  halved.  
 

 
 

It is seen in (7) that when a carrier is amplitude modulated, further signals 
are generated above and below the main carrier; that is, 
Am
2
cos 2! fc + fm( ) t!" #$  and Am

2
cos 2! fc ! fm( ) t"# $%  respectively. It could therefore 

be said that the process of modulating a carrier is exactly the same as 
mixing two signals together, and as a result both sum and difference 
frequencies are produced. 

Often the carrier frequency source in mixer is inherently unstable. In this 
case, each deviation frequency will also produce its own sum and difference 

	  

Figure	  5:	  Amplitude	  Modulation	  (AM)	  process 

xin(t) 

δ	  (t) 

φ	  (t) 

	  

antenna 
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frequencies with the baseband signal. These are called spurs and are 
inherent to the mixer process. In addition phase oscillations of the carrier 
also affect the output. Consequently, simple mixer modulators and 
demodulators do not work well and further complexity in form of phase lock 
loops, for example, is introduced into the receiver design. More is said 
about phase locked loop (PLL) later in the monograph. 

Communication engineers are often interested in the ‘spectrum’ of the 
system. To understand this, we resort to using the Fourier transform 
technique we learn in mathematics classes. 

 
Lets refresh our understanding of the concept of Fourier transform, 
followed by "convolution" and "Frequency translation" of the Fourier 
Transform.  
Fourier Transform of signal x(t) is expressed by 

X !( ) =! x t( )"# $%= x(t)e& j!t dt
&'

'

(      (8a) 

or 

X f( ) =! x t( )"# $%= x(t)e& j2! ft dt
&'

'

(      (8b) 

as the period T tends to infinity. Note that  
(i) the symbol ! .[ ]  denotes Fourier transform of [.], and  

(ii) there is a direct relationship between ω and f, i.e. 
! = 2" f , where 2π is the constant of proportionality. 

 
	  Example 1: Lets have a feel for the Fourier Transform of signal x(t) if 
the signal is defined as: 

s(t) = A
0

!
"
#

  
!! 2 " t "

!
2

elsewhere
    (9a) 

The spectrum of the signal can be defined as 

S f( ) = Ae! j2! ft dt
!! 2

!
2"

= A !
e! j2! ft

j2! f
#

$
%

&

'
(
!! 2

!
2

= A e! j! f! ! e j! f!

! j2! f
#

$
%

&

'
(

= 2
!
2

!
2
A e j! f! ! e! j! f!

j2! f ! 2

#

$

%
%

&

'

(
(
= A!

sin " f!( )
! f!

= A! sinc ! f!( )

    (9b) 

From (9b) the spectrum can be drawn. However, before and/or in 
attempting to drawing the spectrum, an observant student might query the 
indeterminacy, or validity, of this sinc function when the denominator and 
numerator both tend to ±0 and/or ±! . L'Hôpital's Rule comes to the rescue, 
i.e. 
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lim
xx!0
xx!"

sin(xx)
xx

=1     (9c) 

The proof of this L'Hôpital's Rule requires more advanced analysis, which is 
not considered here, only the application. With this in mind, the spectrum is 
shown in Fig 6. 
 

 
 
 

Fourier	  Transform	  of	  Delta	  function	  
Deriving a few basic transforms and using the properties allows a large 
class of signals to be easily studied including modulation, sampling, and 
others. Commonly encountered examples of Fourier Transform relating to 
delta function, δ, are: 

• If x(t) = !(t)  then X(!) =1. 
• If x(t) =1 then X(!) = 2"# !( ) . 

• If x(t)  is an infinite sequence of delta functions spaced T apart, 

x(t) = ! t ! nT( )
n=!"

"

# , its transform is also an infinite sequence of delta 

functions of weight 2!
T  spaced 2!

T  apart, 

X(!) = 2" # t ! 2"k T( )
k=!"

"

# .  

 
Note the Fourier transform takes a function of continuous time into a 
function of continuous frequency, neither function being periodic. If 
“distribution" or “delta functions" are allowed, the Fourier transform of a 
periodic function will be a infinitely long string of delta functions with 
weights that are the Fourier series coefficients. 
 

S(f) 

f	  (Hz) 

Figure	  6:	  Spectrum	  of	  signal	  s(t) 
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It is worth noting another relationship, i.e. the relationship between 
correlation function and the Fourier transform. Simply, the power spectral 
density and the correlation function of a periodic waveform are a Fourier 
transform pair. This relationship is called the Wiener-Khintchine 
relationship [Wiener, 1930]. 

For completeness, lets shed some light on what correlation is about. 
Correlation is a measure of the similarity or relatedness between 
waveforms. For instance, consider two waveforms x1(t) and x2(t). These 
waveforms may not necessarily be periodic or confined to a finite time 
interval. Then the correlation between them (or more precisely the 
average cross correlation) between x1(t) and x2(t) is defined as:  

R12 (! ) = limT!"

1
T

x1 t( ) x2 t +!( )dt
#T 2

T
2$     (10) 

If x1(t) and x2(t) are periodic with the same fundamental period, To = 1 fo( ) , 

then 

R12 (! ) =
1
To

x1 t( ) x2 t +!( )dt
!To 2

To
2"     (11) 

If x1(t) and x2(t) are non-periodic pulse-type waveforms, then 

R12 (! ) = x1 t( ) x2 t +!( )dt
!"

"

#      (12) 

Value of R12(τ) could be negative, positive or zero. Where values are 
registered, their strength determines the correlation type (i.e. either weak 
or strong).  If R12(τ) = 0, then it is uncorrelated or non-coherent. 
 

 
Physically, the Fourier transform X(f) represents the distribution of signal 
strength with frequency, that is, it is a density function or power 
spectrum of the signal. In practice, the average power spectral density is 
measured from the spectrum, which, in the case of signal s(t) , can be 
expressed as 
Pav = S( f )

2
= A!( )2 sinc2 ! f!( )      (13) 

 

Convolution	  Property	  of	  Spectrum	  
Since the spectrum of the product of any two-time varying functions (say, 
xa (t)  and xb(t) ) is the "convolution" of their spectra, their Fourier 
transform relationship is expressed thus: 
Y !( ) = Xa !( )Xb !( )        (14a) 

or 
Y f( ) = Xa f( )Xb f( )        (14b) 

By trigonometry, we can rewrite (6) as 
! t( ) = " t( ) xin t( ) = xin t( )cos#mt

=
xin t( )
2

e j#mt + e! j#mt"# $%
     (15) 
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Applying the “Frequency translation" property of the Fourier Transform to 
(15), we can write the spectral density of ! t( )  as 

! !( ) = 1
2
X !c +!m( )+ X !c "!m( )#$ %&      (16a) 

Equivalently 

! f( ) = 1
2
X fc + fm( )+ X fc " fm( )#$ %&     (16b) 

which is a simple frequency translation to the vicinity of the carrier. Note 
that !m  or fm  is the frequency associated with Fourier translation of 
modulating signal. Figure 7 shows the spectral density. We can therefore 
conclude that AM is a process of translating the frequency range of the 
modulating signal upward to the range about the carrier frequency. 
 

	  

	  
 

The signal generated below the main carrier is called the lower sideband 
(LSB), whilst that above the main carrier is called the upper sideband (USB). 
This type of modulation is called double sideband (DSB). DSB is also called 
amplitude modulation—suppressed carrier (AM-SC) or DSB-SC.  

Instead of xin t( )  as in (15), the true expression of xin (t) = Ac cos 2! fct( )  is 
used as test tone in (15), the modulated signal !(t)  would resemble that of 
the output in (4) with ! =1, i.e. 

!(t) = AcAm
2

cos 2" fc + fm( ) t!" #$+
AcAm
2

cos 2" fc % fm( ) t!" #$    (17) 

The spectral density is 

! f( ) = AcAm
4

! f + fc + fm( )+! f + fc " fm( )+! f " fc " fm( )+! f " fc + fm( )#$ %&  

 (18) 
 

	   	  

Φ(f) 

0.5X(0) 

fc-‐fm fc fc+fm 
f 

0 

LSB USB 

	  

X(f) 

X(0) 

fm 
f 

0 

(a) System	  spectrum	   (b)	  Baseband	  spectrum 

Figure	  7:	  Spectrum	  of	  an	  AM	  transmission	  system:	  	  LSB	  and	  USB	  correspond	  
to	  lower	  sideband	  and	  upper	  sideband. 

Passband	  bandwidth 
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where δ is a delta function. Figure 8 shows the spectrum given by (18). 
 

 
 

Carrier Power 

The carrier power is defined as 
xc
2 t( ) = Ac

2m2 t( )cos2 2! fct( )

= lim
T!"

1
2T

Ac
2m2 t( )cos2 2! fct( )dt

#T

T
$

= lim
T!"

1
2T

Ac
2

2
m2 t( )+ Ac

2

2
cos 4! fct( )

%

&
'

(

)
*dt

#T

T
$

    (19) 

which by Riemann-Lebesque Lemma reduces to 

xc
2 t( ) = lim

T!"

1
2T

Ac
2

2
m2 t( )dt

#T

T
$

=
Ac
2

2
m2 t( )

      (20) 

Note that the angle bracket .  denotes the time average of signal x t( ) . 
 

Bandwidth	  
Bandwidth means the signal width in Hertz (or kHz, or in some cases in MHz). 
The concept of power spectral density permits a useful definition of 
bandwidth. In engineering terms, the bandwidth is measured on the positive 
frequency axis only. The bandwidth is given by f2 ! f1  for bandpass signals. 
For baseband signals, f1 = 0 . The frequencies f1  and f2  are determined by 
certain definitions. Examples include the following. 

1. Absolute bandwidth 
f1  and f2  are defined following the condition 
X f( ) = 0  for f ! f1, f2[ ]      (21) 

Note that X f( )  is the Fourier transform of time-dependent signal 

x t( ) . 
 

2. 3-dB bandwidth 
f1  and f2  are defined following the condition 

	   	  

-‐(fc+	  fm) 
f 

Φ(f) 

AcAm/4 

Figure	  8:	  Spectrum	  of	  a	  DSB 

0 

	   	  

fc+	  fm fc-‐	  fm -‐(fc-‐	  fm) 
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X f( ) ! 1
2
X f0( )        (22) 

where f0  is the frequency for which X f( )  is the maximum. 

 
3. Equivalent noise bandwidth 

Consider Beq  as the bandwidth of a fictitious rectangular filter such 

that the power in that rectangular band is equal to the actual power 
of the signal x t( ) . The actual power Px  of the signal is 

Px = Sx ( f )df0

!

"        (23) 

where Sx ( f )  is the power spectral density of the power signal x t( ) . 
The equivalent power Peq  in the rectangular band is 

Peq = BeqSx ( f0 )        (24) 

where f0  is the frequency for which Sx f( )  is the maximum. So, 

equating the actual and equivalent powers yields the relationship 

Beq =
1

Sx ( fo )
Sx ( f )df0

!

"       (25) 

 
4. Bandpass signals bandwidth 

Bandwidth of a bandpass between f1  and f2  is 
B = f2 ! f1         (26) 
However, if f1  and f2 are bounded and defined by the range of f, the 
actual power spectral density would be defined as 
Sx f( ) !!Sx f0( )        (27) 

where α is factor usually expressed in dB (decibel). The bandpass 
signal bandwidth can thus be quantified from the width of the 
spectrum of Sx f( ) . 
 

5. Spectral Mask (regulation based) 
Each country’s communication authority defines this parameter. 
Check with your country’s agency, but generally the USA standard is a 
good indicator. In USA, for example, Section 12.106 of the FCC Rules 
and Regulations states that: For operating frequencies below 15 GHz, 
in any 4 kHz band, the center frequency of which is removed from 
the assigned frequency by more than 50 percent up to and including 
250 percent of the authorized bandwidth, as specified by the 
following equation, but in no event less than 50dB: 
A = 35+ 0.8(p% ! 50)+10 log10 B      (28) 
where 
A = attenuation (in dB) below the mean output power level; 
B = authorized bandwidth (in MHz) 
p%  = percentage removed from the carrier frequency, defined as 

p% =
f ! fc
B

x100   (%)     (29) 
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Nominally, attenuation greater than 80 dB is not required. 
 
In essence, the bandwidth of an AM signal is equal to twice the highest 
modulating audio frequency. Many modern transmitters have audio filters 
that slice off some of the voice frequencies above 2.8 kHz making the 
bandwidth narrower. In commercial AM broadcast transmitters, the 
frequency of the modulating audio is permitted as high as 4.5kHz, making 
their bandwidth 9kHz. By comparing DSB spectra of (16b) with (18), it is 
seen that the bandwidth occupied by (18) is twice that of (16b). 
 

Various combinations of these components create various types of AM with 
different properties for information transfer. For example, single sideband 
(SSB) modulation, vestigial sideband modulation (VSM), and amplitude 
modulation with total carrier (AM-TC), to name a few. 

 

Single	  sideband	  modulation	  
As noted in Fig 7(a), the spectrum of a DSB has two bands: LSB (lower 
sideband) and USB (upper sideband). It is worth noting that the information 
content in the LSB is the same as in USB of the spectrum. So, there is no 
need to transmit both bands. This is one disadvantage of AM because of 
wasteful bandwidths. If one band is transmitted or received, the modulation 
scheme is called single sideband (SSB) modulation.  

How do we create a SSB signal?  

There are two main ways that SSB signals can be generated: filtering the 
unwanted sideband of the DSB and by phase shifting method.  

 

Filtering	  method	  
Basically, filtering allows the transmitted bandwidth to be significantly 
reduced without losing the content of the digital data. This improves the 
spectral efficiency of the signal. Any fast transition in a signal, whether it be 
amplitude, phase or frequency will require a wide occupied bandwidth. Any 
technique that helps to slow down these transitions will narrow the 
occupied bandwidth. Filtering serves to smooth these transitions and 
reduces interference because it reduces the tendency of one signal or one 
transmitter to interfere with another, for example, in a Frequency-Division-
Multiple-Access (FDMA) system. (Access methods where multiple users are 
permitted to transmit simultaneously, which FDMA is an integral part, will 
hopefully be discussed in other advanced communication studies.) On the 
receiver end, reduced bandwidth improves sensitivity because more noise 
and interference are rejected. 

 

Figure 9 shows how filtering can be used to generate the SSB. In it, the 
normal double sideband (DSB) circuit is passed through a sideband filter. 
The configuration of this filter depends on which sideband (either LSB or 
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USB) is to be eliminated. Accordingly, the output ySSB t( )  is either the lower-

sideband SSB signal, or the upper-sideband SSB signal. 

 

 
 

If the sideband filter response is HSB !( ) , we can write output for Fig 9 as 

YSSB !( ) = HSB !( )!DSB !( )        (30) 

Lets digress a bit to introduce another analytic function called Hilbert 
transform, H. Hilbert transform is a multiplier operator and has direct 
relationship to Fourier transform. Hilbert transform of function, say u(t), is 

! H u( )( ) !( ) = !isgn !( ){ }! u( ) !( )       (31) 

where  

(a) ‘sgn’ denotes the signum function. A signum function of a real 
number x can be defined as follows: 

sgn x( ) =
!1
0
1

"

#
$

%
$

 if 
x < 0
x = 0
x > 0

    (32a) 

One of the properties of signum functions is that any real 
number can be expressed as 

x = sgn x( ). x        (32b) 

Or  

sgn x( ) = x
x

       (32c) 

Similar argument can be drawn for complex number z, where 
real number x in (32c) is replaced with z. 

(b) The symbols ‘i' and !  denote imaginary function and the 
Fourier transform respectively. 

(c) Hilbert transform H (u(t))  has the effect of shifting the phase 
of the function u(t) by +π/2 for negative frequency component, 
or by –π/2 of positive frequency component. Hence, the’! ’ in 
(31). So, Hilbert transformation can be expressed by 

	  

Figure	  9.	  Single	  sideband	  modulation	  process 

x	  (t) 

s(t) = Ac cos 2! fct( )

	  Sideband	  filter ySSB t( )
!DSB t( )



 18 

H (!) = H (!) e j! "( )       (32d)  

Some of the properties of Hilbert transform are: 

(i) A function, say m(t)  and its Hilbert transform !m(t)  are 
orthogonal. That is, if m(t)  has zero mean, i.e., 
m(t) = 0 , then m(t) !m(t) = 0    (33) 

(ii) Both the function m(t)  and its Hilbert transform !m(t)  
have equal power, i.e. m2 (t) = !m2 (t)  (34) 

In view of the preceding discussion and without loss of generality, the single 
sideband (SSB) output can be expressed as 

ySSB t( ) = Ac
2

x(t)cos !ct( )± !x t( )sin !ct( )!" #$      (35) 

where ‘+’ and ‘-‘ signs correspond to the LSB-SSB and USB-SSB signals 
respectively; and !x t( )  is the Hilbert transform of input signal x(t). In view of 

(35), the SSB power can be obtained as 

PSSB = ySSB
2 t( )

=
Ac
2

!

"
#

$

%
&
2 1
2
x2 t( ) + 1

2
!x2 t( )

'

()
*

+,

=
Ac
2

4
m2 t( )'

(
*
+

      (36) 

SSB transmitters are usually rated by the peak envelope power (PEP) rather 
than the carrier power. As a result, PEP is taken as the instantaneous power 
averaged over an RF cycle having maximum amplitude given by: 

PSSB!PEP =
Am
2Ac

2

8
        (37) 

for single-tone modulation since m2 t( ) = !m2 t( ) =
Am
2

2
  (38) 

For voice modulation, however, the PEP is generally about three or four 
times of the average power. 

 

Filtering process is frequently used in practice but it is not perfect because 
a small amount of the unwanted sideband still gets through. From a 
practical viewpoint, it is easier to design a filter with sharp cutoff 
characteristic at lower carrier frequencies, e.g. a few tens of kHz than at 
MHz values. Sometimes filtering is desired at both the transmitter and 
receiver. This is necessary because filtering in the transmitter will reduce 
the adjacent-channel-power radiation of the transmitter, which has the 
potential for interfering with other transmitters. Whereas, filtering at the 
receiver reduces the effects of broadband noise and also interference from 
other transmitters in nearby channels. 
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Phase-‐shift	  method	  
Phase-shift method of single-sideband generation is direct implementation 
of (35), which is represented graphically in Fig 10.  

In this figure, the top and bottom multipliers (or mixers) are considered 
balanced modulators. The top multiplier yields the first product of the DSB 
term (assuming Ac = 1), i.e. x(t)cos !ct( ) , whilst the bottom yields the 

second product term after it has undergone phase shift and the input signal 
via Hilbert transformer—the 90o (π/2) phase-shifter for the frequencies in 
the band being transmitted, i.e. !x(t)sin !ct( ) . Both the top and bottom 

terms are passed through an output adder yielding the single sideband 
output, i.e. ySSB (t) . 

Unlike the filtering method, the phase-shift method does not require 
bandpass filters. In practice though, it is extremely difficult to build a 
wideband phase shifting Hilbert transform network that offers a uniform 
phase shift of -90o over the entire message bandwidth [Thomas and Sekhar, 
2005].  

 

 
 

However, it is possible to design a practical system that accepts message 
signal x(t)  as input and yields two signals x1(t)  and x2 (t)  at its output, which 
are equal in magnitude and are orthogonal to each other, which could then 
be fed to the multipliers. Note that the actual phase relationship between 
the input and either of the outputs is not important. The phase-shift SSB 
modulator is suitable even for message signals having frequency content 
right down to dc (direct current). For completeness, the oscillator, in Fig 10 

	  

Figure	  10:	  Generation	  of	  Single	  sideband	  by	  phase-‐shifting	  process 
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is a device that produces sinusoidal signals. It can be a local oscillator in the 
laboratory. 

Generally, SSB is bandwidth efficient compared to conventional AM. SSB 
modulation is used for several purposes namely: in two-way radio 
communication for marine applications, generally HF point-to-point 
transmissions, military as well as radio amateurs or radio hams. 

 

Vestigial	  sideband	  modulation	  (VSM)	  
Vestigial sideband modulation (VSM) can be considered as a compromise 
between dual sideband (DSB) and single sideband (SSB) modulation formats. 
The primary application of VSB modulation is broadcasting for television 
signals, which requires narrower bandwidth when compared to DSB and, at 
the same time, a less complex and expensive receiver when compared to 
SSB [Drury et al., 2001].  
VSM can be generated by partial suppression of one of the sidebands of a 
DSB signal as in Fig 11. In the figure, one sideband of the DSB is attenuated 
using a bandpass vestigial sideband filter that has an asymmetrical 
frequency response about ±fc. Thus, the VSB signal can be represented as 
sVSB (t) = s(t)*hv (t)        (39) 
where hv (t) is the pulse response of the VSB filter and s(t)  is the DSB signal.  
 

 
 
The spectrum of the VSB signal can be expressed as 
SVSB ( f ) = S( f )Hv ( f )        (40) 
and the spectrum of the DSB signal is given 

S f( ) = Ac
2

M f ! fc( )+M f + fc( )"# $%      (41) 

The output 

SVSB f( ) = Ac
2

M f ! fc( )Hv f( )+M f + fc( )Hv f( )"# $%    (42) 

where Hv f( )  is the VSB filter response. 

A receiver that uses either product or envelope detection can be used to 
achieve the recovery of an undistorted VSB signal. In both cases, the 
transfer function of the VSB filter must satisfy the constraint typified by 
Hv f ! fc( )+Hv f + fc( ) =C    f ! B    (43) 

where C is a constant and B is the bandwidth of the modulation. The value 
of C varies with the format and type transmission used. 
 
VSM has usage in broadcasting environment particularly in television 

	   	  
m(t) DSB	  modulator VSB	  filter 

[bandpass	  filter,	  hv(t)] 
S(t) 

DSB 

SVSB(t) 

Figure	  11:	  	  Vestigial	  sideband 

VSB 
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broadcasts including digital terrestrial television (DTTV)—also called Digital 
Video Broadcast - Terrestrial (DVB-T), high definition television (HDTV)—
which are bound by NTSC or ATSC formats, as well in video (MPEG format).  

NTSC stands for National Television System Committee standard. NTSC was the first 
widely adopted broadcast colour system that allows colour broadcasting compatible 
with the existing stock of black-and-white receivers. NTSC was replaced on June 12, 
2009 with ATSC—Advanced television systems committee—for digital television over 
terrestrial, cable, and satellite networks. 

Typically, the baseband signal used in TV in countries that use NTSC or ATSC 
has a bandwidth of 6 MHz. In Europe and Africa, analog television occupies 
only 7 MHz of the 8 MHz wide UHF channel. Until now, the remaining 1 MHz 
gap has been used for communication, reporting transmitters and to some 
extent for wireless microphones, typified by Fig 12. Digital terrestrial 
television (DVB-T), however, completely occupies the 8MHz wide channel 
due to the form digital signal it uses. Remember that there is nothing 
magical about digital and analog television in terms of frequency range both 
systems operate: both systems’ signals are transmitted in the same 
frequency range as their analog predecessors. This is also the range in which 
RF wireless audio transmission technology operates. 
 

 
Figure 12: Television channel with analog signal. (Source:	  

http://www.sennheiser.com.au/) 
 
Figure 13 shows the spectral of VSB and NTSC signals. The digital VSB for 
terrestrial broadcasting uses eight discrete levels, 19.3Mbit/s, trellis coded 
(8VSB) format as its baseband data. However, HDTV on cable systems uses 
twice the transmission rate 38.6Mbits/s (16VSB format) without trellis 
coding in a typical 6MHz channel. Trellis coding is another area of study that 
is not considered in this text. There are two types of coding process: a 
transmission coding process is known as encoding, and the receiving coding 
process is known as decoding. 
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Given the band limitation of radio communication systems, a way of 
circumventing this limitation is to employ multichannelling transmission. 
Digital television (DVB-T) is a multichannel system using about multiple 
carriers, each of which carries different modulation schemes, requiring 
sufficient spacing between constellation (symbol mapping) states. The 
selected DVB-T 2  modulation scheme is orthogonal frequency-division 
multiplexing (OFDM) technique. 
 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
2	  A second-generation digital terrestrial television (DVB-T2) standard has evolved, due to 
advances in science, with the possibility of increasing the capacity of digital terrestrial 
television. The difference between DVB-T and DVB-T2 is that DVB-T2 delivers data in a 
series of discrete blocks at the symbol rate and uses coded orthogonal frequency-division 
multiplexing (COFDM) transmission technique, which includes the use of a guard interval 
(interval between symbols), allowing the receiver to cope with strong multipath, fading 
situations. To learn more about this new standard for DVB-T2, refer to the website 
<www.digitag.org> of DigiTAG (The Digital Terrestrial Television Action Group); the group 
responsible for drafting the standards.	  
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OFDM	  
Briefly, the principle of OFDM is to divide the available channel bandwidth 
into a number of subchannels (subcarriers), and to demultiplex the input 
high-rate information data into these subchannels. By choosing the number 
of subcarriers to be very large (typically, a few thousands), the symbol 
duration will increase correspondingly and the component subchannels will 
be very narrow-band with almost flat fading. This will reduce the relative 
amount of dispersion in time caused by multipath delay spread and make 
the equalization process relatively simple. In order to obtain a high spectral 
efficiency, the spectral responses of the component subchannels must be 
overlapping and orthogonal. Intersymbol interference might occur in the 
process. In order to overcome this, a guard interval is introduced in every 
OFDM symbol. This guard must be longer than the expected delay spread of 
the signal. This will prevent multipath components between two 
neighbouring symbols interfering with each other. An inquiring mind might 
ask: what happens when there are no symbols transmitted? The answer is 
the orthogonality between the subcarriers will be lost resulting in 
interchannel interference. To eliminate this interchannel interference, the 
OFDM symbol is cyclically extended in the guard time interval by introducing 
a cyclic prefix, which is a copy of the last part of the OFDM symbol. This 
insertion ensures that the delayed replicas of the transmitted OFDM signal 
always have an integer number of cycles within the FFT (fast Fourier 
transform). Students would benefit more with this discussion if the 
subtopics—e.g. FFT and QAM—are briefly discussed in the next page.	   In 
essence, the OFDM idea works because of the orthogonality of the FSK 
carriers.   
 
Now, let us consider an OFDM signal that consists of a sum of Ns subcarriers, 
each one modulated by a QAM.  

QAM stands for Quadrature Amplitude Modulation. QAM is a hybrid 
formed when the binary amplitude shift keying (ASK) modulation 
scheme is combined with binary phase shift keying (PSK) modulation 
scheme where both the amplitude and the phase are changed at the 
same time. Brief explanation of ASK and PSK is given later in the text. 
Communications systems that employ QAM include digital cellular 
systems in the United States and Japan as well as most voiceband 
modems transmitting above 2.4 kbits per second. 

Also, let fc be the carrier frequency of the OFDM symbol and di describe the 
complex QAM symbol. Then the OFDM symbol starting at t=ts can be defined 
as: 

s(t) = Re di+k exp j2! fc !
i+ 0.5
T

"

#
$

%

&
' t ! ts( )

(

)
*

+

,
-

i=!k

k!1

.
/
0
1

2
3
4

 ts ! t ! ts +T   (44) 

where k = Ns

2
, Re{.} means real part of {.}, and T is the period of the OFDM 

symbol. 
The equivalent complex baseband notation of the OFDM signal is given by 

s(t) = di+k exp j2! fc !
i+ 0.5
T

"

#
$

%

&
' t ! ts( )

(

)
*

+

,
-

i=!k

k!1

.      (45) 
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where in-phase and quadrature parts correspond to the in-phase and 
quadrature components of the OFDM signal.  
 

Fast	  Fourier	  Transform	  	  
Fast Fourier transform (FFT) is another area that would be covered in senior 
communication study, and not considered in details in this text. For 
completeness, the FFT is an efficient algorithm that reduces the number of 
computations needed for N points from 2N 2  to 2N log2 N . If the function to 
be transformed is not harmonically related to the sampling frequency, the 
response of an FFT looks like a sinc function, i.e.  

sinc xx( ) =
sin xx( )
xx

 

even though the integrated power is still correct. As noted in (9c), the 
determinacy of this sinc function, for situation when the denominator and 
numerator both tend to ±0 and/or ±∞, is gained by using the L'Hôpital's Rule, 
i.e. 

lim
xx!0
xx!"

sin(xx)
xx

=1  

 

Amplitude	  modulation—Total	  Carrier	  (AM-‐TC)	  
Unlike the double sideband (DSB) type of Amplitude modulation represented 
by the multiplication of the carrier by the message signal, depicted in Fig 4, 
the amplitude modulation with total carrier (AM-TC) is a bit different. In 
this case, the output of DSB of Fig 4 is added with the same carrier signal as 
in Fig 14.  
 

 
 
AM-TC is also referred to as DSB-TC. So, we can write an expression for the 
output as 
y t( ) =! x t( )s t( )+ s t( ) = s(t) 1+! x t( )!" #$

= A 1+! x t( )!" #$cos2! fct
     (46) 

where κ is the modulation index, typically ! !1. To ensure there is no 
distortion, the modulation index must be less than or equal to unity, i.e. 
! !1 . Applying the “Frequency translation" property of the Fourier 
Transform to (46), we can write the spectral density of y t( )  as 

	  

Figure	  14.	  Double	  sideband	  modulation	  process 
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Y ( f ) = A
2
!X f ! fc( )+! f ! fc( )+!X f + fc( )+! f + fc( )"# $%    (47) 

where δ is a delta function. 
Standard DSB-TC modulation is used in AM Radio broadcasting. It offers the 
advantage of using a simple receiver based on an envelope detector. 
If we include the test tone, i.e. x t( ) = Am cos2! fmt  in (46), we can write the 

output as 
y t( ) = A 1+!Am cos2" fmt[ ]cos2! fct       (48) 

Expanding to have 

y t( ) = Acos2! fct +
"AAm
2

cos 2! fc + fm( ) t!" #$+
!AAm
2

cos 2" fc % fm( ) t!" #$  (49) 

Consequently, the spectrum is 

Y ( f ) = A ! f + fc( )+! f ! fc( )"# $%+
!AAm
2

! f + fc + fm( ){ }

+
!AAm
2

! f + fc ! fm( ){ }+ !AAm
2

! f ! fc ! fm( ){ }

+
!AAm
2

! f ! fc + fm( ){ }

   (50) 

 

Binary	  ASK	  
In amplitude shift keying (ASK), the amplitude of the carrier is changed in 
response to information and all else is kept fixed. Bit ‘1’ is transmitted by a 
carrier of one particular amplitude. To transmit ‘0’, we change the 
amplitude keeping the frequency constant. On-Off Keying (OOK) is a special 
form of ASK, where one of the amplitudes is zero as shown in Fig 15. Note 
that the dashed-pulse in Fig 15(b) represents the message signal m(t). 
ASK(t) =m(t)sin 2! ft( )  
 
Amplitude Shift Keying (ASK) techniques are most susceptible to the effects 
of non-linearity, which compress and distort signal amplitude. To avoid such 
distortion, the system must be operated in the linear range, away from the 
point of maximum power where most of the non-linear behaviour occurs. 
Despite this problem in high frequency carrier systems, ASK is often used in 
wire-based radio signaling, both with, or without, a carrier. 
Also, ASK can combine with phase shift keying (PSK) to create hybrid 
systems, e.g. Quadrature Amplitude Modulation (QAM) where both the 
amplitude and the phase are changed at the same time. 
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Amplitude	  Demodulation	  
Demodulation is the process of recovering the message signal from a part of 
the total spectrum. There is usually more than one way to demodulate a 
signal; the choice depends on circuit complexity and performance criteria.  
Demodulation is another process of translation in frequency to shift the 
spectrum to its original position. To faithfully retrieve the spectrum to the 
original position, the demodulating carrier must be exact as the original. In 
doing do, the demodulation becomes a process similar to translating 
spectral modulation. As an illustration, compare Fig 16(a) - modulation 
system (same as Fig 5), with Fig 16(b) the demodulation. Lets walk through 
the process described by Figs 16(a) and 16(b). 
 

 
 

	  

Figure	  16:	  (a)	  Modulating	  and	  (b)	  Demodulating	  transmission	  system 
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From Fig 16(a): 
! t( ) = xin t( )! t( )         (51) 

From Fig 13(b): 
! ' t( ) = ! t( )! t( )

= xin t( )! 2 t( )
        (52) 

Expressing !(t) = Ac cos !ct( ) , where Ac is the amplitude of the carrier signal, 

then (52) can be expressed as: 

! ' t( ) = xin t( )! 2 t( ) = xin t( ) Ac cos !ct( )!" #$
2

= xin t( )Ac2 cos2 !ct( )
     (53) 

By trigonometry, 

cos2 !ct( ) = 1
2
1+ cos 2!ct( )!" #$

=
1
2
+
1
2
1
2
e j2!ct + e% j2!ct( )!

"&
#

$'

=
1
2
+
1
4
e j2!ct + e% j2!ct( )

      (54) 

Substitute (54) in (53) and take its Fourier transform and then apply 
frequency translation property to have 

!' !( ) = 1
2
Xin !( )+ 1

4
Xin ! + 2!c( )+ Xin ! " 2!c( )#$ %&     (55) 

This spectrum is shown in Fig 17. The LPF (low pass filter) would filter out 

the sidebands and only the 1
2
X !( )  term will be registered at the output, 

xo(t). In term of time-varying function, a transformation to frequency 
domain: 

xo t( )!"! Xin !( )        (56) 

which is the original function being recovered or detected or demodulated. 
 

 
 

	  

Figure	  17:	  Demodulation	  of	  an	  AM	  (suppressed	  carrier)	  signal	   
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Filter	  design	  
A simple detector with filtering is shown in Fig 18. For an envelope to be 
detected, the filter must be designed such that its bandwidth B must be 
less than the carrier centre frequency fc, i.e. fc << B . Bandwidth, B, is 
dependent on the passive components comprising the filter circuit. 
 

 
 

Filter circuits are used in a wide variety of applications. In the field of 
telecommunication, band-pass filters are used in the audio frequency range 
(0 kHz to 20 kHz) for modems and speech processing. High-frequency 
bandpass filters (several hundred MHz) are used for channel selection in 
telephone central offices. Data acquisition systems usually require anti-
aliasing low-pass filters as well as low-pass noise filters in their preceding 
signal conditioning stages. System power supplies often use band-rejection 
filters to suppress the 50-Hz (60-Hz in North America) line frequency and 
high frequency transients (Kugelstadt, 2000).  
In addition, there are filters that do not filter any frequencies of a complex 
input signal, but just add a linear phase shift to each frequency component, 
thus contributing to a constant time delay. These are called all-pass filters. 
At high frequencies (> 1 MHz), all of these filters usually consist of passive 
components such as inductors (L), resistors (R), and capacitors (C). They are 
then called LRC filters. 
In the lower frequency range (1 Hz to 1 MHz), however, the inductor value 
becomes very large and the inductor itself gets quite bulky, making 
economical production difficult. 
In these cases, active filters become important. Active filters are circuits 
that use an operational amplifier (op amp) as the active device in 
combination with some resistors and capacitors to provide an LRC-like filter 
performance at low frequencies. These are issues to have been covered in 
other courses, or to be covered in advanced studies. 
The simplest low-pass filter is the passive RC low-pass network is shown in 
Fig 19(a). By replacing the resistors of a low-pass filter with capacitors, and 
its capacitors with resistors, a high-pass filter is created, as in Fig 19(b). 
The passive RC circuits in Fig 19 are first-order filters. Figures 19(c) and 
19(d), respectively, represent the ideal gain responses for the low-pass 
filter and high-pass filter. 
 

Figure	  18:	  A	  simple	  detector	  with	  filter 
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The transfer function of the low-pass filter can be expressed as: 

H s( ) =
1
RC

s+ 1RC
=

1
1+ sRC

     (57) 

where s is the complex frequency variable that allows for any time variable 
signals. Being complex quantity, s =! + j" , where σ is the damping constant, 
and ω (= 2πf) is angular frequency. For pure sine waves, the damping 
constant, σ, becomes zero and s = jω. For a normalized presentation of the 
transfer function, s* is referred to the filter’s corner frequency, or –3 dB 
frequency, ωC, and has these relationships: 

s* = s
!c

=
j!
!c

= j f
fc

      (58) 

where the filter’s corner frequency fc is: 

fc =
1

2!RC
       (59) 

 
With the corner frequency, the filter’s transfer function A(s) results in: 

H s( ) = 1
1+ s*

        (60a) 

or 
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(a)	  Low-‐pass	  filter	   (b)	  High-‐pass	  filter	   

Figure	  19:	  Simplest	  filters	  and	  their	  ideal	  responses	  	   
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H f( ) = 1

1+ j f
fc

         (60b) 

The magnitude of the gain response3 is: 

H f( ) = 1

1+ f 2

fc
2

       (61) 

If the ratio (f/fc) is far greater than unity, i.e. (f/fc) >> 1, the rolloff is 20 
dB/decade. For a steeper rolloff, n filter stages can be connected in series 
as shown in Fig 20.  
 

 
 
In this instance, the resulting transfer function of the cascaded filter can be 
expressed thus: 

H s( ) = 1
1+!1s

*( ) 1+!2s
*( ) 1+!3s*( )… 1+!ns

*( )
   (62) 

where α1, α2, α3, …, αn are coefficients. In the case that each partial filter 
(i.e. each stage of the cascaded filter) has the same cut-off frequency, fc, 
the coefficients become 

!1 =!2 =!3 =…=!n =! = 2n !1      (63) 
and the overall filter cut-off frequency, fc(o), is  

fc(o) =! fc = 2n !1 fc       (64) 

where the value of fc is the same as in (59).  
The simplest and cascaded filters’ response graphs are shown in Fig 21. Note 
that the plot is gain versus the normalized frequency (f/fc).  
 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
3	  Similarly, we can write the response for the high-pass filter, as: 

H f( ) =
f
fc

1+ f 2

fc
2

=
1

1+ fc
2

f 2
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Figure	  20:	  Cascaded	  low-‐pass	  filters	  for	  steeper	  rolloff	   
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It can be seen in Fig 21 that there are differences in the responses, such as: 

• the transition from the passband into the stopband is not sharp, but 
happens gradually. 

• the phase response is not linear, thus increasing the amount of signal 
distortion significantly. 

The gain and phase response of a low-pass filter can be optimized to satisfy 
one of the following three criteria: 

(i) A maximum passband flatness, leading to Butterworth type of filter 
(as seen in Fig 22(b). The Butterworth low-pass filter provides 
maximum flat magnitude response in the passband. Butterworth filter 
has good all-around performance. It is often used as anti-aliasing 
filter in data converter applications where precise signal levels are 
required across the entire passband. Butterworth has pulse response 
better than Chebyshev, and rate of attenuation better than Bessel. 
The main disadvantage of Butterworth filter is that it has some 
overshoot and ringing in step response 

(ii) An immediate passband-to-stopband transition, leading to Chebyshev4 
type of filter (as seen in Fig 22(c). Chebyshev low-pass filter provides 
an even higher gain rolloff above cut-off frequency. However, its 
passband gain is not monotonic, but contains ripples of constant 
magnitude instead. Remember that, for a given filter order, the 
higher the passband ripples, the higher the filter’s rolloff. Chebyshev 
filter has better rate of attenuation beyond the passband than 
Butterworth, but has more ringing in the step response than 
Butterworth. 

(iii) A linear phase response, leading to Bessel type of filter. The 
Bessel low-pass filters have a linear phase response over a wide 
frequency range, which may result in a constant group delay in that 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
4	  At	  times	  spelt	  Tschebyscheff	  in	  some	  literature.	  
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Figure	  21:	  Filter	  response	  versus	  normalised	  frequency	  	   
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frequency range. Bessel low-pass filters, therefore, provide optimum 
square-wave transmission behaviour. Although the passband gain of 
Bessel filter is flat, it is not as flat as that of the Butterworth low-
pass, and the transition from passband to stopband is by far not as 
sharp as that of Chebyshev low-pass filter. The main disadvange of 
Bessel filters is that they have slower initial rate of attenuation 
beyond the passband than Butterworth. 

A compromise can be achieved using elliptic filters having good sensitivity 
and low ripple but have limited passband-to-stopband rejection ratio, as in 
Fig 22(d). 
 

 
 
For completeness, for high frequency requirements, inductors can be 
inserted in parallel with the capacitor, as seen in Fig 23(a).  
 

 
 
In this case, the transfer function becomes 
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Figure	  23:	  (a)	  Bandpass	  filter	  and	  (b)	  its	  transfer	  function.	   
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H ( f ) = 1

1+ jQ f
f*
!
f*
f

"

#
$

%

&
'

      (65) 

where  

f* =
1

2! LC
= resonant frequency    (66) 

Q = R C
L

= the quality factor    (67) 

B = fU ! fL = 3-dB bandwidth = 
f*
Q

    (68) 

The transfer function is plotted as in Fig 23(b). Note that the 3dB cutoff is 

obtained by using the relation 20 log 2
2

!
"
#

$
%
& .  

In practice, f* ! fc  and the bandwidth B falls between 0.01! fc ! 0.1. As 
such, we can write 

0.01< B
fc
< 0.1        (69) 

A larger bandwidth can be achieved at a cost, large noise bandwidth or 
large signal power, which requires high carrier frequencies. It must be 
noted that filter bandwidth or transmission bandwidth must not exceed 
twice the message bandwidth. This constraint is attributed to Nyguist’s 
rule, which will be revisited later in this monograph. 
 

Designing	  voice	  filters	  
Human voices have different ranges. Pre-pubescent voices of young boys 
and girls tend to have high pitches. Once you start losing your voice, the 
tone becomes coarse, refined: young girls do have different timbre freely 
classified as Soprano, Mezzo Soprano and Contralto. Younger men on the 
other hand have a range divided into groups: countertenor, tenor, 
baritone and bass. Within this human vocal ranges occurs some overlaps as 
well as sub-categories that identify specific vocal qualities to differentiate 
between voices like coloratura and vocal weight. To engineers, these 
vocal ranges can be particularized into frequencies. When a group of 
people sings together, either as a backup to the lead singer or as a choir, 
the frequencies have to be harmonized in order to have a soothing effect. 
The voice band frequency range normally extends from 300Hz to 4kHz. As 
an acoustic or recording engineer, you would need to marry this various 
voices to have a high quality product. A way of achieving this is to devise a 
series of filters that encapsulate the essence of the vocal range and music. 
This is called a wideband filter, which can be achieved by cascading high-
pass and a low-pass filters.  
The simplest design of a band-pass filter is the connection of a high-pass 
filter and a low-pass filter in series, which is commonly done in wideband 
filter applications, e.g. Fig 24. The bandwidth, B, of the bandpass filter is 
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difference between frequencies f1 and f2. The quality factor Q is defined 
as: 

Q =
fm
B
=

fm
f2 ! f1

      (70) 

where fm Is the centre frequency. 
The high-pass filter attempts to progressively reduce the level of any 
frequencies below a user-specified 'cutoff' frequency, while leaving the 
level of those above this point comparatively unchanged. Whereas, the 
low-pass filter attempts to reduce the level of frequencies above the 
cutoff point, leaving those below comparatively unchanged. In doing so, a 
first- order high-pass and a first-order low-pass provide a second-order 
band-pass, while a second-order high-pass and a second-order low-pass 
results in a fourth-order band-pass response. A practical example of this 
process is an equaliser. 

 

 
 

Another type of filters that needs mentioning is a notch filter. A notch filter 
is a filter that passes all frequencies except those in a stop band centred on 
a centre frequency. Meaning, a filter that rejects a narrow frequency band 
and leaves the rest of the spectrum little changed. A simple LCR circuit of 
notch filter is shown in Fig 24(d), whilst its response is shown in Fig 24(e), 
where fn is the notch frequency. There are several ways to make a notch 
filter: one simple technique is to subtract the bandpass filter from its input 

Figure	  24:	  Simplest	  design	  of	  bandpass	  filter 
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[Franco, 2007], or using a slight variation on the all-pass filter. The most 
common example is 50Hz (or 60Hz in North America) noise from power lines. 
Another is low-frequency ground roll.  
 

 
 
In this era of digitalization, use of multirate digital filters and even filter 
banks find application in telecommunications, speech processing, image 
compression, antenna systems, analog voice privacy systems, and in the 
digital audio industry. Digital filters are the discrete-time counterpart to 
continuous-time analog filters. Digital filters generally come in two 
flavours: Finite Impulse Response (FIR) and Infinite Impulse Response (IIR) 
filters. An IIR filter has an impulse response function that is non-zero over 
an infinite length of time. This is in contrast to a FIR filter, which has a 
finite length, evenly spaced time series of impulses with varying 
amplitudes that is convolved with an input signal to produce a filtered 
output signal. “Finite Impulse Response” means that the filter’s time-
domain response to an impulse (or “spike”) is zero after a finite amount of 
time. The response of an IIR filter, however, continues indefinitely, as it 
does for analogue electronic filters that employ inductors and capacitors. 
These digital filters are implemented recursively. How these digital filters 
are formulated are subject of other advanced courses. 
Fundamentally, digital filters have simple structure. It is nothing more than 
a chain of delay, multiply, and add stages. Each stage (or tap) consists of an 
input and output data path and a fixed coefficient.  
There are different specifications governing the design of filter response for 
voice transmission systems. To become familiar with specifications, the 
reader is advised to read the recommendation issued by the International 
Telecommunications Union, Telecommunications Sector (ITU-T), particularly 
the G.712 standard; see website <www.itu.int>. It defines the filtering that 
should precede digitization of speech signals. 
 

Designing	  modulators	  and	  demodulators	  

Modulator	  
Judging from the preceding discussion on AM, we know that the 
mathematical expression for AM appears as a product function. The 

Figure	  24[d	  &	  e]:	  Notch	  filter 
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simplest thing to do would be to develop a device in which the output 
occurs as the product of two input functions. 
 
Any offers? 
 
Possible candidates are: 

(1) A galvanometer with separate windings for the magnet and the 
coil. From simple physics, we know that force, F, between the 
currents in the coil i1 , and that induced by the magnet in the 
winding i2 , is directly related, i.e. 
F! i1i2         (71) 
Lets assign i1  as the modulating signal. Even if we add a dc bias 
into it, the integrity of the modulating signal would still remain 
intact. Lets assign 
i1 = k 1+m(t)[ ]        (72) 
If we assign the primary current i2  as  
i2 = bcos!ct        (73) 
where k and b are constants. 
Then the force on the coil, as a function of time, is of the same 
form as (46). The coil motion would then appear as an 
amplitude-modulated signal. 

 (2) A motor with stator and rotor separately wound would produce 
the same results. 

(3) A loudspeaker with modulating signal and an appropriate dc bias 
applied to the voice coil and carrier to the field winding is again 
a similar device. 

Examples (1), (2) and (3) are product modulators. These and other 
modulators are classified under two headings: non-linear and switch 
modulators. 
A non-linear modulator has its terminal characteristics non-linear. 
Whereas a switch modulator is a modulation device that contains switch 
independent of the signal that changes the system from one linear 
condition to another. 
 

Demodulator	  
The easiest method of achieving amplitude demodulation is to use a simple 
diode detector, shown in Fig 18, reproduced as Fig 25.  
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A simple detector comprises of a diode, resistor and a capacitor. You know 
from your simple ‘rectifier’ principle that the diode rectifies the signal, 
allowing only positive half of the alternating waveform through. The 
capacitor serves three purposes: to store the charge; and to provide a 
smoothed output from the detector, and to remove any unwanted radio 
frequency (RF) components. The resistor enables the capacitor to discharge. 
Due to the diode limiting or shaping the output waveform, the demodulator 
can be considered limiter and/or clipper. 
 
In conclusion, AM scheme has several advantages, such as: its simplicity to 
implement leading to being widespread usage, and it can be demodulated 
using a circuit containing few components. Despite this, it is prone to high 
levels of noise because most noise is amplitude based, not efficient in terms 
of its power usage and bandwidth requirement—as demonstrated by (6) 
requiring signals above and below the main carrier leading to a bandwidth 
equal to twice that of the highest audio frequency. AM is also used to 
modulate light waves in optical fibres. 
 

Frequency	  Modulation	  
Frequency modulation (FM) is a form modulation in which changes in the 
carrier wave frequency correspond directly to changes in the baseband 
signal. FM is also considered an analogue form of modulation because the 
baseband signal is typically an analogue waveform without discrete, 
digital values. FM is mostly used for radio and television (TV) broadcast. 
FM band is divided between a variety of purposes: 

• Analogue TV channels: 0 à 72 channels utilizing bandwidths between 
54 MHz and 825 MHz. 

• FM band includes FM radio, operating between 88 MHz and 108 MHz. 
Each radio station utilizes about 38kHz frequency band to broadcast 
audio. 
To be up-to-date with technology and buzzwords used in the industry, there is a 
new digital broadcasting medium called digital radio. What is digital radio? 
Essentially, digital radio is a technology that turns audio signals into digital 
signals, which are then compressed along with other signals, transmitted and 
recoded back into audio by digital radio receivers. Figure 26 shows the technical 
process of the digital radio communication. This digital radio technology is 
called digital radio broadcasting (DRB)—sometimes referred to as digital audio 

Figure	  25:	  A	  simple	  demodulator 
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broadcasting (DAB), or digital sound broadcasting (DSB). The receiver converts 
the digital transmissions back to audio (sound) or text, graphics, etc.  
 

 
Figure 26 

 
Satellite digital radio: Geostationary satellites may also be used to deliver digital 
radio services. A geostationary satellite is a man-made device or sensor that views 
the earth and moves in a geosynchronous orbit in the plane of the equator, so that 
it remains stationary in relation to a fixed point on the surface. This orbit is 
achieved at an altitude of 35,900km above the earth. Mostly communication and 
meteorological satellites use this orbit. While satellite radio can cover a much 
wider geographical area than terrestrial-based radio, antennae for satellite radio 
must have a clear view to the satellite to operate efficiently free from obstruction 
such as buildings and/or geographical features. To overcome this problem, 
repeaters are used to relay satellite signals. In areas with a relatively high 
population density, it is thought not only to be easier, but also to be less expensive 
to reach listeners with terrestrial broadcasts. Satellite radio has many benefits for 
sparsely populated rural areas, however.  
 
A fundamental difference between analog and digital broadcasting is that the 
latter involves the delivery of digital bit streams that can also be used for 
multimedia services. Digital radio broadcasting (DRB) can: 

• provide better reception of radio services and deliver higher-quality sound 
than current amplitude modulation (AM) and frequency modulation (FM) 
radio broadcasts; 

• carry ancillary services, e.g. audio, images, data and text, providing 
information associated with the station and its audio programs (e.g. station 
name, song title, artist's name and record label, as well as news, weather, 
time and traffic information) and other services (e.g. paging and global 
satellite positioning); 

• reconfigure capacity allocations to provide different kinds of services (e.g. 
change from a single stereo music program in one timeslot to two mono-talk 
programs in another); and 
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• offer more spectrum efficient and reduction of adjacent channel 
interference than analog FM radio. For instance, a single DAB+ multiplex 
channel occupies 1.536MHz of radio spectrum and can provide at least 
eighteen good quality music radio services. In comparison, analog FM radio 
requires 1.6MHz to provide eight services. DAB+ is an upgraded version of 
the DAB standard—to know more about this standard, see WorldDMB 
(www.worlddab.org) the organisation responsible for drafting the standards. 
It is also possible for DAB+ to operate in the L-band of the electromagnetic 
spectrum, i.e. 1452 – 1492 MHz. There is another digital radio standard—
called the Digital Radio Mondiale (DRM)—that is gaining international 
support and may be seen as complementary to DAB+. DRM was initially 
developed to operate in broadcasting bands below 30MHz, including the 
current medium frequency (531-1602kHz) AM broadcast band. The latest 
version, often referred to as DRM+, operates in the bands below 30 MHz as 
well as in VHF frequencies up to 108MHz. Australia currently uses these VHF 
frequencies for analog FM radio broadcasts. 

 
Phase modulation (PM) and Frequency modulation (FM) are two basic types 
of non-linear (or exponential) modulation techniques. The amplitude of a 
PM or FM is constant. What varies are the phase (angle) and frequency (ω). 
As such, regardless of the message m(t), the average transmitted power is 
independent of the modulating signal. 
 
The frequency modulation (FM) modulates a message signal m(t) by varying 
the frequency of the output signal !FM t( )  as a function of the amplitude of 
the input signal. The formula for the modulated signal is 

!FM t( ) = Ac cos !ct +" t( )!" #$      (74) 

where fc is the carrier frequency (Hz), Ac is the carrier amplitude, and θ(t) 
is the modulation phase, which changes with the amplitude of the input 
m(t). The formula for the modulating phase θ(t) is expressed by 

! t( ) = kc m(t)dt
0

t
!        (75) 

where kc is the sensitivity factor, which is a gain on the integrator output. 
Suppose the message signal is defined as 

m(t) = !! cos!mt        (76) 

where Δω is the frequency deviation corresponding to the frequency shift of 
the carrier for the peak amplitude of signal cos!mt = ±1 . Substituting (76) 
and (75) in (74), we have 
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!FM t( ) = Ac cos !ct + kc !! cos!mt dt"#
$

%
&

= Ac cos !ct + kc
!!
!m

sin!mt
#

$
'

%

&
(

    (77) 

The term !!!m
= 2"!f 2" fm

= !f fm
=mf  in (77) is called the frequency 

modulation index, mf; that is, the ratio of the peak deviation Δf to the 
modulating frequency, fm. 

Lets us reflect on the implication of this modulation index, mf. For 
instance, if none of the modulating wave is permitted to reach the 
carrier, the peak deviation and the value of mf will be zero, since no 
modulation will be taking place. As the amplitude of the modulating 
wave increases, the carrier is pushed farther and farther off its center 
frequency and the value of mf also increases. The effect of an increasing 
mf is different for each sideband pair. 
In general, as we allow mf to increase, we can infer that more and more 
frequencies will become audible. This can be a real problem for digital 
synthesis, where the upper sidebands may reach the Nyquist frequency 
and alias. (More is said about Nyquist frequency under Sampling 
theorem.) FM is not band-limited. For this reason, most digital synthesis 
will have a limit on the maximum value of mf. This limitation becomes 
obvious in the discussions that follow. 

Let us denote the terms [.] in (77) by β and differentiate β with respect to 
time, t; we write: 

! ="ct + kc
!!
!m

sin!mt

d!
dt

=!c + kc
!!
!m

!m cos!mt

=!c + kcm t( )

      (78) 

It can be seen that the instantaneous frequency is simply a frequency 
deviation away from the centre frequency. Hence (78) can be written as 

fi t( ) = fc + kcm t( )        (79) 

This expression tells us that fi swings up and down either side of fc over a 
range of ±Ackc. 

Often, we need to know the frequency spectrum of the modulated wave 
in order to be able to determine the bandwidths of any filters, amplifiers, 
to name a few, that that the system may require. To do this, lets rewrite 
(77) as 
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!FM t( ) = Ac cos !ct + kcmf sin!mt!" #$     (80) 

For brevity, suppose kc = 1, and applying algebraic mathematics, the 
expression (80) can be rewritten in form of Bessel function. The 
development of Bessel function is explained clearly in the next section 
under Phase modulation (PM) scheme. For the time being, we rewrite 
(80) as: 
!FM t( ) = AcJ0 mf( )cos 2" fct( )

+Ac J2n mf( ) sin 2" fc + 2nfm( ) t!" #$+ sin 2" fc % 2nfm( ) t!" #${ }
n=1

&

'

+Ac J2n+1 mf( ) cos 2" fc + 2n+1( ) fm( ) t!" #$% cos 2" fc % 2n+1( ) fm( ) t!" #${ }
n=0

&

'

 

         (81) 
where Jn(mf) is the Bessel function of the first kind, n order and of 
argument mf.  
A quick look at the expression (81) demonstrates that the FM wave has 
spectral components at all the frequencies, (fc + nfm), for all n integers 
from −∞ to +∞. This expression demonstrates that FM is more 
complicated than that of AM, demonstrated by the expression (55), with a 
single sinewave having spectral components at frequencies fc, (fc - fm), 
and (fc + fm). This result, shown by (81), also means that a communication 
system has to provide an infinite bandwidth to carry an accurate FM 
signal, which is rather startling. Luckily, from the property of Bessel 
function, there is a general tendency for 
|Jn(mf)| à 0    as  n à ∞    (82) 
and, importantly, the higher order Bessel function values fall quickly with 
n when the modulation index mf is small, which is realisable in many 
practical situations. So, for |mf| << 1, the nominal values of the Bessel 
functions approximate to: 
J0(mf) ≈ 1;  J1(mf) ≈ 0.5mf;  and Jn(mf) ≈ 0 for n > 1 (83) 
In view of (83) in (81) while ignoring the high-order Bessel function 
contributions, the FM spectrum can be approximated as 
!FM t( ) ! AcJ0 mf( )cos 2! fct( )

+AcJ1 mf( ) cos 2! fc + fm( ) t"# $%& cos 2! fc & fm( ) t"# $%{ }
   (84) 

An FM signal produced with a low modulation index, mf, (i.e. where fm >> 
Δfkc), is called a narrowband FM signal. 
This narrowband FM signal is similar to AM in that it has sideband 
components at (fc ± fm), and requires a transmission bandwidth of 2fm. 
The FM’s spectrum differs from AM in two ways: (i) the total amplitude of 
the modulated wave remains nearly constant; and (ii) the two-sideband 
components are diametrically opposite, i.e., they are 180 degrees out of 
phase.  
Conversely, a ‘high-modulation index, mf’ FM wave can be seen as a 
carrier whose frequency is varied over a relatively wide range, which will 
require a transmission bandwidth of at least 2Δf. Combining this result 
with that for a narrowband FM wave leads to Carson's Rule that stipulates 
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the minimum bandwidth, Bw practically required to transmit an FM (also 
for an PM) signal as  
Bw = 2(fm + Δf)        (85) 
This rule serves as a useful guide when choosing a system to carry an FM 
signal. Of course, there will be some distortion along the way noting that 
theoretically it would require an infinite bandwidth to avoid any signal 
distortion during transmission of FM signals. 
In essence, the FM functionality is also known as a voltage controlled 
oscillator (VCO). The amplitude of the input signal voltage controls the 
oscillation frequency of the output signal. 

 

FM	  Demodulation	  
The demodulation process, for a FM modulated signal, uses a phase-locked 
loop (PLL) method. A typical PLL consists of three components: a phase 
detector (PD), a low-pass filter (LPF), and a VCO (voltage controlled 
oscillator). The structure of a simple PLL is shown in the Fig 27, which is a 
feedback loop that attempts to recover the correct phase from the received 
signal.  

 

The phase detector in a simple PLL is a multiplier (also called a mixer or a 
sinusoidal PD), which serves as ‘error amplifier’ in the feedback loop, 
thereby minimizing the phase difference, 

! 

"# , between !FM t( )  and m t( ) . 

The simplest phase detector is the Type I (digital), which is simply an 
Exclusive-OR gate.  

The loop is considered ‘locked’ if 

! 

"#  is constant with time, a result of 
which is that the input and output frequencies are equal. In the locked 
condition, all the signals in the loop have reached a steady state and the 
PLL operates as follows. The PD produces an output whose dc value is 
proportional to 

! 

"# .  The LPF suppresses high-frequency components in the 
PD output, allowing the dc value to control the VCO frequency. The VCO 
then oscillates at a frequency equal to the input frequency and with a phase 
difference equal to 

! 

"# . Thus, the LPF generates the proper control voltage 
for the VCO. The PLL fails when the deviation of 

! 

"#  is close to fc. 

	   	  

	  

φFM(t) Phase	  detector	   
(PD) 

Low-‐pass	  filter 
(LPF) 

Voltage-‐controlled 
Oscillator	  (VCO) 

m(t) 

Figure	  27:	  Basic	  phase-‐locked	  loop 
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An example of PLL is frequency synthesizer with a single loop. 

 

Frequency-‐tracking	  Loop	  
Among other applications, frequency-tracking loops are employed in digital-
data receivers, either as a frequency acquisition-aid for phase-locked 
coherent reception, or as the sole carrier-frequency control for non-
coherent reception. In its simplest form, a frequency-tracking loop is 
arranged as shown in Fig 28. 

 

 

The loop consists of a frequency-difference detector (FDD), a loop filter, 
and a voltage-controlled oscillator (VCO). This loop resembles automatic 
frequency control (ACF) loops. Difference being an ACF employs a frequency 
discriminator—which relies upon passive tuned circuit to furnish the 
frequency reference—whereas FDD uses a local oscillator to furnish the 
frequency reference (Gardiner, 1996). 

 

Frequency	  Acquisition	  
Frequency acquisition is a process of estimating the parameters of a 
sinusoidal signal. The problem of frequency acquisition arises in diverse 
engineering situations such as carrier tracking for communication systems 
and the measurement of Doppler in position location, navigation and radar 
systems.  
In coherent communications systems, automatic frequency control (AFC) 
loops often are used for initial frequency acquisition and subsequent 
tracking of modulated and unmodulated sinusoidal signals. When the signal 
is corrupted by additive Gaussian white noise, frequency tracking is 
accomplished by adaptively estimating the frequency using a variety of 
estimation techniques, such as the fast Fourier Transform, modified Kalman 
filter that results in a phase locked loop (PLL), or a digital phase locked loop 
derived on the basis of linear stochastic optimization, or adaptive least 
squares algorithm [Mansuri et al., 2002].  

The Kalman filter is a set of mathematical equations that provides an efficient 

	   	  

	  

φFM(t) Frequency	  difference 
detector	  (FDD) 

Low-‐pass	  filter 
(LPF) 

Voltage-‐controlled 
Oscillator	  (VCO) 

m(t) 

Figure	  28:	  Frequency	  tracking	  loop 
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recursive, computational means to estimate the state of a process, in a way that 
minimizes the mean of the squared error. This filter is very powerful in several 
aspects: it supports estimations of past, present, and even future states, and it can 
do so even when the precise nature of the modelled system is unknown. More is said 
about Kalman filtering in advanced stage of your study or consult Chapter 11 of this 
author’s book [Kolawole, 2003]. 

Traditionally, frequency estimation procedures are based on the maximum a 
priori (MAP) method, which is based on correlating the incoming signal with 
an appropriately chosen set of orthonormal functions. An example of simple 
frequency acquisition technique has been discussed earlier in the text as 
PLL or frequency tracking Loop (FTL). The acquisition range, the range in 
which the technique applied can acquire lock (if it is out of lock). 
 

Binary	  FSK	  
Frequency shift keying (FSK) is the digital version of analogue of Frequency 
Modulation (FM). In FSK), we change the frequency in response to 
information, one particular frequency for a 1 and another frequency for a 0 
as shown below for the same bit sequence as above. In the example below, 
frequency f1 for bit 1 is higher than f2 used for the 0 bit. Note that the 
impregnated pulse-graph in Fig 29 represents the message signal m(t). 

FSK(t) =
sin2! f1t
sin2! f2t

!
"
#

$#
  for bit 1

0

!
"
#

    (86) 

 

 
Minimum Shift Keying (MSK) is also a form of FSK where the peak-to-peak 
frequency deviation is equal to half the bit rate. For instance, the 
modulation index, mf, is 0.5, which results in a minimum frequency 
separation such that the modulation frequencies are still orthogonal. MSK is 
also called continuous phase (CP) Frequency Shift Keying (FSK). MSK is a 
class of continuous phase modulations. This type of modulation schemes is 
particularly suited to media, which uses non-linear amplifiers. However, 
there is another form called constant-envelope modulation, which is a 
fractional MSK. Your GSM uses a variation of constant amplitude modulation 
format called 0.3 GMSK (Gaussian Minimum Shift Keying). In constant-
envelope modulation the amplitude of the carrier is constant, regardless of 
the variation in the modulating signal. 
 
Some examples where FSK is used: 

0 2 4 6 8 10 

0 

1 

12 

	   	   	   	   	   	   	   	  

FSK(t) 

Figure	  29:	  Binary	  FSK	  signal	  	   
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(i) Modems: particularly, asynchronous modems. Note that asynchronous 
modems operate in the same manner as synchronous modems.  
(ii) Telephone: for calling-line identification. In particular, Ericsson uses 
CSFSKD (Code Sender FSK Device) that supports both A- and µ-law coding. 
This ‘law’ is considered in advanced studies. If you are keen to understand 
this law, refer to one of the books of this author: [Kolawole, M.O. (2009). “A 
course in telecommunication engineering,” published by S Chand, New Delhi, 
India.] 
 
In summary, FM is an important modulation scheme both for its widespread 
commercial use and simplicity; i.e. its ease of generation and decoding, as 
well as its use for high-quality broadcasting and, occasionally, for the 
faithful recording of low-frequency signals on magnetic tape. The main 
advantages of FM over AM are: 

• Improved signal to noise ratio (about 25dB) with respect to man made 
interference;  

• Smaller geographical interference between neighbouring stations; 
• Less radiated power; and 
• Well-defined service areas for given transmitter power. 

Main disadvantage of FM is it requires more complicated receiver and 
transmitter. 
 

Phase	  Modulation	  
Phase modulation (PM) is accomplished when the value of the phase angle is 
changed as a direct function of the modulating signal. To understand this 
scheme requires knowledge of Bessel function in deriving this function as 
well as understanding the wastefulness of this modulation scheme due to a 
number of vestigial sidebands. As an illustration, consider a modulated wave 
represented by 
!PM t( ) = Ac cos !ct +!( )        (87) 

where δ is the phase of the wave relative to that of an unmodulated 
carrier Ac cos !ct( ) , and where ωc is the carrier frequency. In phase 

modulation δ depends on the signal, which we can represent for sinusoidal 
modulation as 
! =mp sin !mt( )         (88) 

If δ contains the message information, we have a process called angle 
modulation or exponential modulation, where mp is the modulation index, 
and corresponds to the phase change produced in the carrier by the 
positive or negative peaks of the largest signal. Hence the phase-
modulated signal may be written 
!PM t( ) = Ac cos !ct +mp sin !mt( )( )

= Ac cos !ct( )cos mp sin !mt( )( )! Ac sin !ct( )sin mp sin !mt( )( )
 (89) 

This	  expression	  is	  similar	  to	  (80). However, the derivation of the expression 
in terms of Bessel function is now embarked here. 
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Let us pause a moment and have a critical look at the terms 
cos mp sin !mt( )( ) and sin mp sin !mt( )( )  in (89), which can be expressed in lieu 

of Bessel's functions. By definition, the nth-order Bessel function Jn(z), 
argument z, is 

exp z
2
x ! 1

x
"

#
$

%

&
'

(

)
*

+

,
-= xnJn z( )

n=!.

.

/        (90) 

Suppose we let x = e ju , then we rewrite (90) as 

exp z
2
e ju ! e! ju( )"

#$
%

&'
= exp jzsin u( )"# %&= e jnuJn z( )

n=!(

(

)     (91) 

Expanding the summation terms we have 
exp jzsin u( )!" #$= e

jzsin(u) = J0 z( )+ e juJ1 z( )+ e% juJ%1 z( )!" #$+

e j2uJ2 z( )+ e% j2uJ%2 z( )!" #$+ e j3uJ3 z( )+ e% j3uJ%3 z( )!" #$+

e j4uJ4 z( )+ e% j4uJ%4 z( )!" #$+!

  (92) 

One of the properties of Bessel function is that 
J!n z( ) = !1( )n Jn z( )         (93) 

Substituting (93) in (92), we have 
e jzsin(u) = J0 z( )+ J1 z( ) e ju ! e! ju"# $%+ J2 z( ) e j2u + e! j2u"# $%+

J3 z( ) e j3u ! e! j3u"# $%+ J4 z( ) e j4u + e! j4u"# $%+!
   (94) 

The exponential terms in (94) remind us of the trigonometry where the 
exponents are related to sine and cosine, i.e. 

j2sin(u) = e ju ! e! ju

2cos(u) = e ju + e! ju

cos zsin(u)( )+ j sin zsin(u)( )
 

As such, we write (94) thus: 
cos zsin(u)[ ]+ j sin zsin(u)[ ] = J0 z( )+ j2sin(u)J1 z( )+ 2cos(2u)J2 z( )+

j2sin(3u)J3 z( )+ 2cos(4u)J4 z( )+!
 (95) 

Equating the real (reference) and imaginary (quadrate) terms, 
Real terms:  
cos zsin(u)[ ] = J0 z( )+ 2cos(2u)J2 z( )+ 2cos(4u)J4 z( )+!

= J0 z( )+ 2 cos(2u)J2 z( )+ cos(4u)J4 z( )+!!" #$
   (96a) 

Imaginary terms: 
sin zsin(u)[ ] = 2sin(u)J1 z( )+ 2sin(3u)J3 z( )+!

= 2 sin(u)J1 z( )+ sin(3u)J3 z( )+!!" #$
    (96b) 

It is worth emphasizing that the above expansions, i.e. (96a) & (96b), the 
Bessel functions for given argument values of z are simply numbers that 
may be found from mathematical tables.  
The general equation for Bessel function, order n, argument x, is 

Jn x( ) = x
2
!

"
#
$

%
&
n '1( )k x2k

22k k!( ) n+ k( )!k=0

(

)       (97) 
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Note that gamma function: 

! 

"(n + k +1) = (n + k)! 
 
In view of (96) in (89), the phase-modulated signal can be written thus: 
!PM t( ) = Ac cos "ct( ) J0 mp( )+ 2 cos(2u)J2 mp( )+ cos(4u)J4 mp( )+!{ }!

"
#
$

%2Ac sin "ct( ) sin(u)J1 mp( )+ sin(3u)J3 mp( )+!!" #$
 (98) 

 
Expanding further (98) and noting trigonometric terms of (3c) and (3d) to 
have 
 
!PM t( ) = AcJ0 mp( )cos !ct( )! AcJ1 mp( ) cos !c !!m( ) t ! cos !c +!m( ) t"# $%+

AcJ2 mp( ) cos !c ! 2!m( ) t + cos !c + 2!m( ) t"# $%!

AcJ3 mp( ) cos !c !3!m( ) t ! cos !c +3!m( ) t"# $%+

AcJ4 mp( ) cos !c ! 4!m( ) t + cos !c + 4!m( ) t"# $%!!

 (74) 

 
Like in the FM signals, the phase-modulated wave of (98) is thus seen to 
be made up of a carrier with an infinite number of sidebands that are 
spaced at signal-frequency intervals above and below the carrier. If the 
phase modulation index, mp, is less than unity, i.e. mp < 1, the Bessel 
functions J2(mp), J3(mp), J4(mp), etc., would all be small, and the wave 
will consist essentially of a carrier and two sidebands as in the case of the 
AM wave. That is, 
!PM t( ) = AcJ0 mp( )cos !ct( )! AcJ1 mp( ) cos !c !!m( ) t ! cos !c +!m( ) t"# $%  (100) 

noting that ω = 2πf. 
 
Comparing (84) with (100) shows that both results are similar and 
mathematically too; as a result, it would be difficult to ascertain whether 
the signal is FM or PM modulated. In both cases the wave's frequency and 
phase vary from moment to moment. This similarity is not surprising 
given that both schemes are particular forms of angle modulation in 
which the angle of a sinusoidal carrier is the parameter subject to 
variation. In both schemes the wave's frequency and phase vary from 
moment to moment. In practice, it becomes necessary to know in 
advance which type of modulation is being used if we are to recover the 
modulated information correctly. The differences between the two 
schemes (FM and PM) are (i) PM corresponds to a modulation pattern 
which is the differential of that produced by the other, (ii) the 
modulation index in PM is constant whilst of FM is dependent on deviation 
in modulating frequency. In general, one conclusion is obvious: both FM 
and PM waves are different to that of AM wave. 
It is worthwhile to note here that phase modulation appears to be the 
most attract: i.e. for tracking and communication purposes [Lindsey and 
Simmon, 1973]. This is because:  

(a) a carrier component is available for Doppler recovery (not true in 
FM), 
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(b) a large amount of carrier power can be converted to sideband 
power, 

(c) nonlinear amplification does not distort the modulation waveform 
(not true in AM),  

(d) the ratio of peak power to average power is unity, providing a more 
efficient system (not true in AM), and  

(e) the modulation mechanism is simple and reliable (not true in AM). 
 

Binary	  PSK	  
In phase shift keying (PSK), we change the phase of the sinusoidal carrier 
to indicate information. Consider Fig 30(a) with sinusoidal carrier ωc.  
 

 

If the generator is modulated by bit stream according to the scheme in Fig 
30(b), its polarity will be reversed every time the bit stream changes 
polarity. This, for a sinewave, is equivalent to a phase shift (reversal). The 
bit clock period is T. So the sinewave frequency must be greater than 
inverse of T, i.e. fc >> 1T . The multiplier output is a BPSK signal, shown in 

Fig 30(c). The BPSK signal sequence generated by the bit stream 0 0 1 0 1 1 
0 0 1 0 0 0 is depicted by Fig 30(c). As seen in Fig 30(c), there is 180o phase 
shifts at bit edges, noting the transition of blue and red s(t) signals. 
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Figure	  30:	  BPSK	  signal	  	   
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(b)	  Bit	  stream	  001011001000 

(c)	  BPSK	  signal	  of	  the	  sequence	  	   
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If the carrier (sinewave) signal is modulated by a bi-polar bit stream, i.e. ±1, 
as in Fig 31(a), the state of multiplier output bits will be determined 
according to the state of the preceding bits. If the phase of the wave does 
not change, then the signal state stays the same (0 or 1). If the phase 
reverses, then the signal state changes (from 0 to 1, or from 1 to 0). 
Because there are two possible wave phases, BPSK is sometimes called 
biphase (or bipolar) modulation (also sometimes called PRK—phase reversal 
keying), as shown in Fig 31(b). 

 

 

 

	  Example 2: Assume a binary phase-shift keying (BPSK) signal be defined 
by 

s t( ) = Am(t)cos2! fct ,  0 ≤ t ≤ T   (101) 

where A is a constant; m(t) is the modulating signal having bits ±1, i.e. 
m(t)=+1, or -1; fc is the carrier frequency; and T is the bit duration. From 

(101) the signal has a power P = A
2

2 . We know that the energy, E, 

contained in a bit duration can be expressed as 

E = PT = A
2T
2

       (102) 

So, 

A = ± 2E
T

        (103) 
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1 
	   	  

s(t) 

Figure	  31:	  BPSK	  signal	  	   
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Substituting (103) in (101) with m(t)=+1 to have 

s t( ) = ± E 2
T
cos2! fct       (104) 

If we take ! t( ) = 2
T
cos2! fct  as the orthonormal 5  basis function, then 

expression (104) will have two coefficients; say s1 and s2 as a set of 
constellation points, i.e. 

s1= ! E
s2 = + E

        (105) 

of which the applicable signal constellation diagram of the BPSK signals is 
drawn as shown in Fig 32(a). (More is said about orthonormal basis function 
and how it relates to modulation in the next section.) 

If the binary modulating signal m(t) is represented by Fig 32(b), then Fig 
32(c) becomes the BPSK signal sequence generated by the binary sequence 0 
1 0 1 1 0.  

 

From (105), the Euclidean distance, dmn, between signals is expressed as 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
5 Meaning both orthogonal and normalized.  
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Figure	  32:	  Binary	  PSK	  signal	  	   
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dmn = s2! s1 = 2E        (106) 

 
 

More sophisticated forms of PSK exist. In m-ary or multiple phase-shift 
keying (MPSK), there are more than two phases, usually four (0, +90, -90, 
and 180 degrees) or eight (0, +45, -45, +90, -90, +135, -135, and 180 
degrees). For more detailed m-ary constellations, the reader can refer to 
one of this author’s books: [Kolawole, M.O. (2002). “Satellite 
communication engineering,” published by Marcel Dekker, New York, USA]. 
In brief, if there are four phases (m = 4), the MPSK mode is called 
quadrature phase-shift keying or quaternary phase-shift keying (QPSK), and 
each phase shift represents two signal elements. If there are eight phases 
(m = 8), the MPSK mode is known as octal phase-shift keying (OPSK), and 
each phase shift represents three signal elements. In MPSK, data can be 
transmitted at a faster rate, relative to the number of phase changes per 
unit time, than is the case in BPSK. 

 

Orthonormal	  Basis	  function	  
A sufficient property of an orthonormal set is that it must be linearly 
independent, and so it is a vector space basis for the space it spans. Such a 
basis is called an orthonormal basis. A set of N functions {φn(t)} constitute 
an N-dimensional orthonormal basis if they satisfy the following property: 

!m t( )!n (t)dt!"

"

# = "mn  1
0

!
"
#

 m = n
m ! n

    (107) 

The discrete-time function δmn is called the discrete delta function (also 
called a “Kronecker” delta). 
We can use this concept to explain signal constellation. For example, 
consider a modulated x(t) waveform, corresponding to the data symbol x, 
(of any N-dimensional real vector), for the orthonormal basis φn(t) being 
defined as 

x t( ) = xn t( )!n t( )
n=1

N

!         (108) 

Thus, the modulated signal x(t) is formed by multiplying each of the 
components of the vector x by the corresponding basis function and 
summing the continuous-time waveforms, as shown in Figure 33, where N = 
3 in this instance. [This is similar to summing three modulator of Fig 3, and 
making the “modulating signal, x2(t)” the ‘basis function’.]  

There are many possible choices for the basis functions φn(t), and 
correspondingly many possible modulated waveforms x(t) for the same 
vector x. The specific choice of basis functions used in a communication 
system depends on physical limitations of the system. In practice, a 
modulator can construct a modulated waveform from any set of data 
symbols, leading to the concept of a signal constellation. 
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By definition, a signal constellation is a set of M vectors, {xi} i = 0, 1,..., 
M−1. The corresponding set of modulated waveforms {xi(t)} i = 0, 1,..., M−1 
is a signal set. Each distinct point in the signal constellation corresponds to 
a different modulated waveform, but all the waveforms share the same set 
of basis functions. The component of the i ith vector xi along the nth basis 
function φn(t) is denoted xin. The occurrence of a particular data symbol in 
the constellation determines the probability of the ith vector (and thus of 
the ith waveform), px(i). 

 

 

 

The power available in any physical communication system limits the 
average amount of energy required to transmit each successive data symbol. 
Thus, an important concept for a signal constellation (set) is its average 
energy, which has earlier been discussed in this text. 

It is worth noting that the construction of a set of orthonormal basis 
functions φn(t) from a set of modulated waveforms {xi(t), i = 0, ..., M−1} is 
similar to the process of achieving minimal dimensionality in mathematics, 
called Gram-Schmidt Orthonormalization. 

 
	   Example 3: A commonly used and previously discussed transmission 
method is Binary Phase-Shift Keying (BPSK), used in some satellite and deep-
space transmissions as well as a number of simple transmission systems. A 
more general form of the basis functions is 
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Figure	  33:	  Modulator	  for	  data	  symbol	  x 
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   for 0 ≤ t ≤ T and 0 elsewhere  (109) 

for N = 2. These basis functions, φ1(t)and φ2(t)), are parameterized by 
variable T (the period), as shown in Fig 34(a) and Fig 34(b) respectively. 
[Note: Figure 34 was plotted using t=0.0, 0.1, 0.2, ….., 3.0, and T=3.] The 
two basis functions, φ1(t)and φ2(t)),  are orthogonal to each other and both 
have unit energy, thus satisfying the orthonormality condition. The two 
possible modulated waveforms (x0(t) and x1(t)) transmitted during the 
interval [0, T] are shown in Fig 34(c) and Fig 34(d) respectively, where  

x0 t( ) =!1 t( )!!2 t( ) = !
2
T
sin 2!

T
t

"

#
$

%

&
' ;     (110) 

and  

x1 t( ) =!2 t( )!!1 t( ) =
2
T
sin 2!

T
t

"

#
$

%

&
'= !x0 (t)     (111) 

Since the two waveforms x0(t) and x1(t) are shifted in phase from each other, 
this type of modulation is called binary phase-shift keying. Consequently, 
we can represent the data symbols associated with the continuous 
waveforms as follows: 

x0 =
1
!1

"

#
$

%

&
'   or   x0 = 1 !1"

#
$
%
T
    (112) 

and 

x1 =
!1
1

"

#
$

%

&
'   or   x1 = !1 1"

#
$
%
T
    (113) 

where upper script ‘T’ denotes transpose. So, the signal constellation 
appears as in Fig 35. 
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Since only two possible waveforms are transmitted during each T time 
interval, the information rate, Ir, is log2(2) = 1 bit per T (sec).  

Information rate, Ir, is the maximum rate at which reliable communication can 
take place over the channel; the Shannon bound (to be discussed later). There 

ϕ2(t) 

ϕ1(t) 

	  	  

	  
Figure	  35:	  BPSK	  signal	  constellation 
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(a)	  Basis	  function	  ϕ1(t) 

(b)	  Basis	  function	  ϕ2(t) 

(c)	  Modulated	  waveform	  x0(t) 

(d)	  Modulated	  waveform	  x1(t) 

Figure	  34:	  BPSK	  basis	  functions	  and	  modulated	  waveforms 
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is more to calculating ‘information rate’ than this simple expression. A broader 
exposition is an area of discussion at senior graduate or postgraduate level. 

Thus, to transmit at 1.0Mbps, T must equal 1.0µs. Conversely, if there are k 
waveforms transmitted in each period, the information rate 

Ir =
1
T
log2 k( )    bits/sec (or b/s)    (114) 

Remember that additional scaling may be used to adjust the BPSK transmit 
power/energy level to some desired value, but this simply scales all possible 
constellation points and transmit signals by the same constant value. 
 
Depending on which industry you found yourself working in future, ‘basis 
functions’ has different meanings. For instance, in the storage industry, a 
set of basis functions is known as “FM code” (FM is ”Frequency Modulation”), 
which is also known as “Manchester Encoding” in data communications. This 
method is used in many commercial disk storage products and also in what is 
known as “10BT or Ethernet” (commonly used in local area networks for the 
internet). These basis functions, φ1(t)and φ2(t)), are approximated as in 
Figures 36(a) and 36(b) respectively. In practice, the sharp edges of these 
basis functions are somewhat smoother depending on the specific 
implementation. The two basis functions again satisfy the orthonormality 
condition.  
In the representation of Fig 36, for the “FM code/Manchester” example, 
only two signal points are used, which in this case is binary-valued the same 
as in (112); thereby giving the same constellation shown in Fig 35, although 
the basis functions differ from the previous example. The resulting 
modulated waveforms x0(t) and x1(t) are represented by Fig 36(c) and Fig 
36(d) respectively and correspond to the right currents that are applied to 
the “head” in the storage system.   

Again, additional scaling may be used to adjust either the FM or Ethernet 
transmit power/energy level to some desired value, but this simply scales all 
possible constellation points and transmit-signals by the same constant value. 

The data rate is also computed using equation (114). 
It is worth noting during your advanced studies that the common vector space 
representation, i.e. signal constellation, of the “Ethernet” and “BPSK” 
examples allows the performance of a detector to be analyzed for either 
system in the same way, despite the gross differences in the overall systems. 
Of course, in either of the (BPSK and Ethernet) systems examples, a more 
compact representation of the signals with only one basis function is possible. 
This one-basis function example is considered in the next section before 
concluding modulation. 
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	   Example 4: Suppose data is transferred through an Ethernet into a 
compact disk at a rate of 24 Mb/s. Calculate the time it takes to download. 
Solution: 
Using (114), Ir = 24Mb/s, k=2, 

T = log2(k)
Ir

=
log2(2)
24*106

=41.7ns. 

 
 

Vector	  components	  xn	  that	  are	  not	  necessarily	  binary-‐valued	  
Two examples that readily come to mind whose vector components xn are 
not necessarily binary-valued are ISDN digital phone-line service and 
modem.  

ISDN stands for Integrated Services Digital Network. It is a digital network 
technology that can carry voice and data services in a digital format over the 
public switched telephone network (e.g. NITEL). It has largely yielded to more 
sophisticated transmission at higher rates, known as DSL (digital subscriber 

Figure	  36:	  FM-‐code/Manchester	  basis	  functions	  and	  modulated	  waveforms 
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line) or ADSL (asynchronous digital subscriber line). DSL or ADSL is a family of 
technologies that provides digital data transmission over the wires of a local 
telephone network for internet access. 
Modem (modulator-demodulator) enables a signal to be transmitted easily and 
decoded to reproduce the original digital data. It allows bidirectional data 
transfer.  
 

	  Example 5: ISDN digital phone-line service uses k = 4 waveforms while 
the number of basis functions N = 1. Thus, the ISDN system transmits 2 bits 
of information per T seconds of channel use. ISDN uses a basis function 
that is roughly approximated by a sinc function, i.e.  

! t( ) = 1
T
sinc t

T
!

"
#

$

%
&       (115) 

or some other “Nyquist” pulse shape. (A Nyquist pulse is a pulse that yields 
zero-ISI (intersymbol inference) having a folded spectrum that is flat.) 
Typically, 1/T = 80kHz. As demonstrated in Fig 6, this basis function, which 
is sinc, is not time limited to the interval [0,T]. The 4 points associated 
signal constellation is shown in Fig 37. 2 bits are transmitted using one 4-
level (or “quaternary”) symbol every T seconds, hence the name “2B1Q.” 
 

 
 
Note that telephone companies also often transmit the data rate 1.544 
Mb/s on twisted pairs (such a signal often carries twenty-four 64 kb/s 
digital voice signals plus overhead signaling information of 8 kb/s). A 
method, known as HDSL (High-bit-rate Digital Subscriber Lines), uses 2B1Q 
with 1/T = 392 kHz, and thus transmits a data rate of 784 kbps on each of 
two phone lines for a total of 1.568 Mb/s (1.544 Mb/s plus 24 kb/s of 
additional HDSL management overhead). 
 
 
In essence, as you have learnt in mathematics, these examples also 
emphasize another tacit advantage of the vector representation, namely 
that the details of the rates and carrier frequencies in the modulation 
format are implicit in the normalization of the basis functions, and they 
do not appear in the description of the signal constellation. 
 

General	  comment	  regarding	  PM	  and	  FM	  
If we have a constant-amplitude variable-frequency signal, the modulation 

index (mp) produced by PM is a constant, but that produced by FM (!f fm
) 

is inversely proportional to the frequency of this signal. This means that 
"white noise" that has a continuous frequency spectrum, will cause more 
interference with the high signal frequencies in an FM system than with 
those in the corresponding PM system. For this reason, it is better to pre-
emphasis, in which the high-frequency signal components are increased in 

ϕ1(t) 	  

Figure	  37:	  2B1Q	  signal	  constellation 

	   	   	  -‐3 -‐1 1 3 
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amplitude by an amount depending on the signal frequency is used in FM 
transmitters. This may be considered as turning the upper part of the 
signal frequency range into PM, and so increasing the effective depth of 
modulation of these components.  
At the receiver, the signal is passed through a de-emphasis circuit, which 
acts like a low-pass filter. The effect is to attenuate the higher frequency 
components relative to the lower frequencies by the same amount that 
they were increased by the pre-emphasis circuit. The de-emphasis circuit 
has the same time constant as its pre-emphasis counterpart to ensure that 
the resulting audio has a natural frequency distribution. 
 

Pre-‐emphasis	  and	  De-‐emphasis	  
Practical pre-emphasis and de-emphasis circuits may consist of simple CR 
high-pass and low-pass filters respectively. Examples of pre-emphasis and 
de-emphasis circuits can be constructed as shown in Fig 38 and Fig 39 
respectively. 
If R1 >> R2 the amplitude response will have two break frequencies given 
by f1 and f2, where  

f1 =
1
2!

1
R1C
!

"
#

$

%
&        (116) 

f2 =
1
2!

1
R2C
!

"
#

$

%
&       (117) 

Signals in the range between f1 and f2 are thus emphasised. Actually the 
high-frequency components are passed unchanged, and the lower-
frequency components are attenuated. The attenuation can of course be 
made up by amplification. The choice of f1 is not critical. A value of 
2.1kHz is a ball-mark in practice. The value of f2 should lie above the 
highest audio frequency to be transmitted. Typically, f2 ≥ 30kHz. In the 
range between these f1 and f2 frequencies, the transfer response 

H f( )
2
=1+ f2

2

f1
2       (118) 

and all audio frequencies above 2.1kHz are increasingly emphasised. 
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Figure	  38:	  (a)	  Pre-‐emphasis	  circuit,	  and	  (b)	  asymptotic	  response 
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The simple RC network of Fig 39 provides the de-emphasis characteristic. 
 

 
 
The receiver de-emphasis must have an inverse characteristic given by 

H ( f ) = 1

1+ j f
f1

       (119) 

with f1 = 2.1kHz as before. 
Typical noise improvements of about 13 and 16 dB have been realised in 
FM transmission and reception performance using a pre-emphasis and de-
emphasis process. 
 

Transmission	  Channels	  and	  Losses	  
As noted in the introductory part of this monograph, messages are 
communicated via any designated channels, which can be air, electrical 
conductors (such as coaxial or twisted cables), or light (in the case of 
optical fibre). Each medium of propagation introduces some losses, which 
must be factored-in when constructing or designing systems, or intended 
strength of signals to be received when transmitting through the channels. 
As such, a brief discussion on each of the channels is given. 
 
Open Space (air) Channel: 
In transmission theory, the channel loss is expressed by 
Lo =! + j"  
where α and β are attenuation (real component) and phase change 
coefficient (imaginary or quadrature component) respectively. α is very 
prevalent in radio wave transmission at some frequencies due to 
absorption of water, oxygen, rain, fog, snow, etc. For instance: 

(i) From 10GHz to 400GHz, attenuation varies from about 0.01 to 
10dB/m approximately; 

(ii) Transmission at 23 GHz, 180 GHz, and 350 GHz is subject to water 
attenuation, whereas at 62 and 120 GHz, attenuation is caused by 
oxygen absorption. 

At system receivers, the effect of attenuation is felt as scatters, which 
manifest itself as fading or variation with time of the signals intensity. 

	  

C 

R1 

Figure	  39:	  (a)	  De-‐emphasis	  circuit,	  and	  (b)	  asymptotic	  response 
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This effect can be on a small- or large- scale. A special blend of advanced 
techniques is required to overcome fading.  
 
Guided Channels: 
Losses in guided channels like optical fibre, twisted and coaxial cables 
vary differently with particular channel or medium and the quality of 
materials used in constructing the channels. In digital transmission, 
capacity and measurable bit error rate (BER) are considered. Table 1 gives 
some examples. 
 

Table 1: Transmission losses in guided channels. 
Description Coaxial cable Twisted cable Optical fibre 
Bandwidth, B (kHz) 
Bit error rate (BER) 
Data rate (Mbit/s) 

850 
10-6 
100 

250 
10-5 
10 

1000 
10-9 
1000 

 

Sampling	  theorem	  
This is one of the theorems or concepts needed in all electrical 
engineering fields. To explain this sampling theorem, lets consider a 
continuous-time signal x(t) being sampled at regular time intervals such 
that x t!7( ), x t!6( ),!, x t0( ), x t1( ),!, x t7( )  as in as in Fig 40(a) are discretised 

signal in the form x !7[ ], x !6[ ],!, x 0[ ], x 1[ ],!, x 7[ ]  as shown in Fig 40(b).  

The rate of sample measurement is called the sampling rate (or sampling 
frequency). To faithfully reproduce sampled signal, certain conditions 
need to be fulfilled:  

(i) Sampling interval Δ must be very small and evenly distributed. This 
implies that the smaller the interval, the better the resolution. 
Consequently, an increase in resolution results in a decrease in 
quantization error. This, in turn, results in less error in the 
reconstructed signal. 

(ii) Sampling frequency fs should be at least twice as large as the 
bandwidth of the input signal. This bandwidth constraint is known 
as Nyquist sampling rate (that is, the number of samples per 
second). As such,  

fs =
1
!t

> 2 fc        (120) 

where fc is the carrier frequency. 
The sampling rate is responsible for the frequency response of the 
digitised signal. 
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Additionally, nasty things happen when a sampled frequency is exactly at 
the Nyquist frequency: often a zero amplitude signal will result. This is 
called the critical frequency. Frequencies above the Nyquist frequency 
cause aliasing (also called foldover or biasing). The spurious frequencies 
they produce are predictable, in that they are mirrored the same distance 
below the Nyquist frequency as the originals were above it, at the original 
amplitudes [Hass, 2011]. 

Some of you might end up in the music industry. Be very careful when 
applying or interpreting this Nyquist theorem. For instance, in audio, 0 
Hz is normally included in the frequency band, making it a baseband 
signal; so the optimal audio bandwidth being created is 0 to fmax Hz. 
Thus, we may say that a sampling rate above 2fmax Hz will not cause 
aliasing. For example, a hypothetical system sampling a waveform at 20 
kbit/s cannot reproduce frequencies above 10kHz. It is important to 
note that this means ALL frequencies (including higher partials of lower 
tones in case of audio sound in music). 

 
We can construct a relationship between resolution and the amount of 
distortion present in the quantisation. For instance, the ratio of signal 
power to quantization noise power (SQR) is given by: 

SQR =
Psignal
Pnoise

=1.76+ 6.02nb + 20 log(s f )   (dB)   (121) 
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Figure	  40:	  Sampling	  concept.	   
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where nb is the number of bits of the converter resolution, and sf is the 
fraction of fullscale (i.e., sf = 1) at which the converter operates. The 
smaller the noise power, the greater the SQR; i.e., less error implies less 
distortion.  
 
	   Example 6: To have a feel for this ratio, suppose we use different 
values of nb from fullscale to different fractions; i.e. 0.1 ≤ sf ≤ 1. Using 
(121), Table 2 is derived. It can be seen in the Table that 

• the optimum value is obtained when the converter is operating at 
fullscale, i.e. when sf = 1. 

• The greater the resolution, the higher the clarity of transmission, 
i.e. the lesser the error or distortion of transmitted signals; 
implying the higher the ratio SQR. 

 
Table 2: Ratio of signal power to quantization noise power 
 SQR (dB) 
sf 8-bit 16-bit 32-bit 64-bit 128-bit 
1 
0.9 
0.8 
0.6 
0.5 
0.4 
0.3 
0.2 
0.1 

49.92 
49.00 
47.98 
46.82 
45.48 
43.90 
41.96 
39.46 
35.94 

98.08 
97.16 
96.14 
94.98 
93.64 
92.06 
90.12 
87.62 
84.10 

194.40 
193.48 
192.46 
191.30 
189.96 
188.38 
186.44 
183.94 
180.42 

387.04 
386.12 
385.10 
383.94 
382.60 
381.02 
379.08 
376.58 
373.06 

772.32 
771.40 
770.38 
769.22 
767.88 
766.30 
764.36 
761.86 
758.34 

 
 

Quantisation	  
Quantisation is a process of breaking signal x(t) into prescribed number of 
discrete amplitude levels of length, L and interval, a. The resulting signal 
produced is called a quantised signal; like an ascending and descending 
staircase, seen in Fig 41(b). Similar rules outlined above for ‘sampling 
theory’ hold. For instance, to reduce quantisation error, we must sample 
twice the rate of the bandwidth: as in (120). If the quantised signals are 
transmitted as pulses of varying heights, the resultant system could be a 
modified form of pulse amplitude modulation (PAM). Technically, in PAM, 
the amplitude of the carrier consisting of a periodic train of rectangular 
pulses is varied in proportion to sample values of a range signal. In this 
type, pulse duration is held constant. 
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The quantised signal can be coded in binary coded decimal (BCD) 
representation where each decimal digit is converted to its 4-bit pure 
binary equivalent. Binary means "two," or "base two." The binary system is 
a way of counting using just the two numbers: 0 and 1. For example, 
signal levels ‘6’ and ‘0’ are coded as 0110 and 0000 respectively. When 
the quantised discrete numbered levels are coded by ‘1s’ and ‘0s’ and 
transmitted, the resultant system is called pulse-code modulation (PCM) 
system. 
 
If each quantised signals carrier 

! 

log2 S  bits of information, the system 
capacity, C, or rate of information transmitted must be 
C = 2 fc log2 S    bits per second (b/s)   (122) 
The effect of noise is not factored into this expression.  
 
Shannon (1948) factored the noise effect into the expression in one of his 
theorems. This theorem states that when M equally likely messages (M >1 ) 
are transmitted at an information rate of Ir (bits/sec) through a channel of 
capacity C then Ir <C , it is possible to transmit information with any 
desired error by coding the message. This can be achieved by allowing the 
code-length to increase so as to provide the desired bit error rate. The 
carrier power or capacity of a channel limited by Gaussian noise is given by: 

! 

C = B log2 1+ S N( )   (bits/sec)    (123) 
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where B = channel bandwidth and S/N = signal-to-noise ratio at the receiver 
input.  
Note that wireless links have fundamentally low capacity. The upper band 
for the capacity of a wireless link follows the Shannon capacity bound, 
expressed by (123). 
 
	   Example 7: Consider a telephone line with bandwidth of 3kHz and 
measured signal-to-noise ratio of 30dB. Calculate signalling speed attainable 
through the line. 
Solution 

B=3KHz 
S/N=30dB=10log10X 
Therefore, X=103 

Substitute X and B in (123) to have C=29.902kb/s 
 
 
A system designer is interested in quantifying the advantage in using a code 
in terms of permitted reduction in the carrier-to-noise ratio. For quantifying 
the advantage a parameter called coding gain, 

! 

Gc , is defined as follows: 

! 

Gc =

Eb
No
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        (124) 

where 

! 

Eb
No

" 
# 
$ % 

& 
' 
u
 and 

! 

Eb
No

" 
# 
$ % 

& 
' 
c
 are carrier energy/bit-to-noise-power-density 

ratio of the uncoded and coded word/symbol/data, respectively, to give the 
same bit error rate (BER) at the receiver. The assumption is that the rate of 
information transmission remains the same in both cases. 

There is a direct relationship between Eb
No

( )  and S/N, i.e.  

Eb

No

=
S
N
B
R

         (125) 

where  
Eb: energy per bit; 
No: noise power spectral density 
S: received signal power 
N: received noise power 
B: bandwidth of receiver  
R: data bit rate (bits/s) 

In any transmission system, the goal is to achieve lowest bit error rate (BER) 

with lowest Eb
No

( ) . 
BER can be reduced by error-correcting codes; including 

- number of bits transmitted is increased 
- additional check bits allow errors to be detected and corrected. 

Error correction involves several approaches, which are outside the scope of 
discussion in this text. 
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Multiplexing	  
The radio frequency (RF) spectrum is a finite resource and is shared 
between users using multiplexing (sometimes called channelization). 
Multiplexing is used to separate different users of the spectrum. There are 
several multiplexing techniques used in digital transmission. These include 
FDM (Frequency Division Multiplexing), PCM (pulse code modulation 
multiplexing), and TDM (Time Division Multiplexing), which are methods of 
transmitting multiple data signals simultaneously over a single wire, or 
channel, by using multiple carriers, each having a unique centre frequency. 
Each data stream (text, voice, video, etc.) is placed into a separate 
carrier that is modulated by various methods. Modern telephone systems 
employ digital transmission where TDM is utilised instead of FDM. In most 
of these common communications systems, different forms of multiplexing 
are generally combined. For example, GSM uses FDMA, TDMA, FDD 
(frequency division duplex) and geographic or cellular. (Often associated 
with spreading in cellular planning and operational matters. For instance, 
if two transmitter/receiver pairs are far enough apart, they can operate 
on the same frequency and not interfere with each other. There are only a 
few kinds of systems that do not use some sort of geographic multiplexing. 
Clear-channel international broadcast stations, amateur stations, and 
some military low frequency radios are about the only systems that have 
no geographic boundaries and they broadcast around the world.) 
These techniques are very involving, which, hopefully, would be taught 
under different headings in advanced communication courses.  
 

Delta	  Modulation	  
Delta modulation (DM) is a modulation technique in which the message 
signal m(t) is encoded into a sequence of binary symbols. These binary 
symbols are represented by the polarity of impulse functions at the 
modulator output. Figure 42 shows a schematic diagram of DM. The input 
to the limiter is 
d t( ) =m t( )!ms t( )        (126) 

The hard-limited version of (126) is represented by Δ(t), which is 
multiplied by the pulse-generator’s output  to get xc t( ) , i.e. 

xc t( ) = !(t)!s (t)        (127) 

If the output of the pulse generator is taking as an infinite sequence of 
delta functions !s (t)  spaced Ts apart, where Ts is pulse width (in seconds), 
then the DM’s output can be expressed by 

xc t( ) = !(nTs ) ! t " nTs( )
n="#

#

$       (128) 

which is equivalent to unit-step function, band-limited at Ts.  
Thus the output of the delta modulator can be considered as a series of 
impulses, each having positive (+) and negative (-) polarity depending on 
the sign of d(t) at the sampling instant, as shown in Fig 43(a). The 
reference signal (from the integrator), ms (t) , is generated by integrating 
(128), that is; 
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ms (t) = ! nTs( ) ! " " nTs( )d!
0

t

#
n="$

$

%      (129) 

which is a stair-step approximation of m(t) represented in Fig 43(a). The 
transmitted waveform xc t( )  is shown in Fig 43(b). 

 

 
 

 

 
 

	  

Figure	  42:	  Delta	  modulation 
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Demodulation	  of	  DM	  
DM demodulation is accomplished by integrating xc t( )  to form the stair-

step approximation ms t( ) . The signal is then passed via a low-pass filter 

(LPF) to suppress the discrete jumps in mc t( ) . Since LPF approximates an 

integrator, the integration portion of the demodulator is bypassed and just 
demodulates DM simply by low pass filtration; as a dome for PAM. 
The problem with DM is slope overload, which occurs when the message 
m(t) signal’s curve has a slope greater than can be followed by the stair-
step approximation ms t( ) . This problem can be overcome by modifying the 

modulator and make it more adaptive, i.e. moving step in tandem with 
input signal by weighting. This type of DM is called adaptive DM (ADM). 
 

Source	  Coding	  
Coding, whether line or block, attempts to compress data from source 
prior to transmission. There are theorems and algorithms that provide 
meaning to how to encode data/picture/voice. Although Shannon’s results 
are not constructive, there are a number of source coding algorithms for 
discrete-time discrete-valued sources that come close to Shannon's bound. 
One such algorithm is the Huffman source-coding algorithm. Another is the 
Lempel and Ziv algorithm.  Huffman’s codes and Lempel and Ziv apply to 
compression problems where the source produces discrete-time and 
discrete-valued outputs. For cases where the source is analog there are 
powerful compression algorithms that specify all the steps from sampling, 
quantisation, and binary representation. These are referred to as 
waveform coders. JPEG (Joint Photographic Experts Group), MPEG (Moving 
Picture Experts Group), vocoders are a few examples for image, video, 
and voice, respectively. One particular source-coding algorithm is the 
Huffman encoding algorithm, which approaches, and sometimes achieves, 
Shannon's bound for source compression.  
 
A brief discussion of the Huffman encoding algorithm is given as follows: 

1. Sort source outputs in decreasing order of their probabilities.  
2. Merge the two least-probable outputs into a single output whose 

probability is the sum of the corresponding probabilities.  
3. If the number of remaining outputs is more than 2, then go to step 1.  
4. Arbitrarily assign 0 and 1 as codewords for the two remaining 

outputs.  
5. If an output is the result of the merger of two outputs in a preceding 

step, append the current codeword with a 0 and a 1 to obtain the 
codeword the preceding outputs and repeat step 5. If no output is 
preceded by another output in a preceding step, then stop. 

 
In summary, for compressing single source output at a time, Huffman codes 
provide nearly optimum code lengths. However, the drawbacks of Huffman 
coding are: 

• Codes are variable length. 
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• The algorithm requires the knowledge of the probabilities for all 
source information. 

Lempel and Ziv source coder does not have the above shortcomings, which 
are not discussed in this course.  
 
Besides source-coders, there are examples of good linear codes including 
Hamming codes, BCH (Bose-Chaudhuri-Hocquenghem) codes, Reed-Solomon 
codes, and many more. The rate of these codes varies and these codes have 
different error correction and error detection properties. These linear 
coders are more involving and computational demanding, which are treated 
in more advanced studies. A good reference book to consult on linear and 
convolutional codes—another type of channel coding techniques—is written 
by this author in Chapter 6, [Kolawole, 2002]. 
 

Conclusion 
All waves have three parts: wavelength, amplitude and frequency. Each of 
these parts can be changed to carry information. This courseware has 
presented how these changes are manifested, and broadly the concepts that 
form the building blocks of any communications system. For instance, the 
process involved, the medium where the intended information is channelled, 
and the associated devices or models to achieving distortionless 
transmission and reception of the information. Whilst this courseware is 
self-contained, there are areas where further treatment would be needed. 
Where the area is identified, the reader is directed to books that offer 
additional knowledge.  
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